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group G of the chiral algebra is studied for general modular invariants of rational 
conformal field theories. We show that a consistent set of twisted boundary states 
associated with any modular invariant realizes a non-negative integer matrix 
representation (NIM-rep) of the generalized fusion algebra, an extension of the 
fusion algebra by representations of the twisted chiral algebra associated with 
the automorphism group G. We check this result for several concrete cases. In 
particular, we find that two NIM-reps of the fusion algebra for su(3)k {k = 3, 5) 
are organized into a NIM-rep of the generalized fusion algebra for the charge- 
conjugation automorphism of su(3)k- We point out that the generalized fusion 
algebra is non-commutative if G is non-abelian and provide some examples for 
G = S3. Finally, we give an argument that the graph fusion algebra associated 
with simple current extensions coincides with the generalized fusion algebra for 
the extended chiral algebra, and thereby explain that the graph fusion algebra 
contains the fusion algebra of the extended theory as a subalgebra. 
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1 Introduction 



The classification of conformally invariant boundary states in two-dimensional conformal 
field theories (CFTs) is an interesting subject of research, both from the point of view of 
purely field theoretical problems and applications to condensed matter physics or string 
theory. In string theory, conformally invariant boundary states correspond to D-branes, 
which are considered to be submanifolds embedded in the target space of strings. The 
classification of boundary states is therefore the classification of D-branes, which might be 
helpful in understanding the nature of stringy geometry. 

This classification problem of boundary states is hard to treat in full generality, and one 
would need some restriction on the problem to make it tractable. A natural choice for such 
a restriction is to consider only rational CFTs (RCFTs) 1 and boundary states that preserve 
the full chiral algebra of RCFTs. Actually, in a RCFT, every consistent set of boundary 
states should satisfy a set of simple algebraic equations, the so-called Cardy equation [I], if 
the full chiral algebra is preserved in the open-string channel. Finding a set of Cardy states, 
i.e., the states satisfying the Cardy equation, is equivalent to finding a non-negative integer 
matrix representation (NIM-rep) of the fusion algebra |2] 2 assuming that the set of boundary 
states is 'complete' in a sense of [3]. The classification of boundary states for this case is 
therefore related to the classification of NIM-reps of the fusion algebra [Zj. 

Clearly, the boundary states preserving the full chiral algebra constitute only a subset 
of conformally invariant boundary states, since the chiral algebra in general contains the 
Virasoro algebra as a proper subalgebra. In order to obtain, and classify, more states other 
than those preserving the full chiral algebra, we need some way to reduce the symmetry 
preserved by boundary states in a controlled manner. One way to accomplish this is to 
modify (or 'twist') the boundary condition of the chiral currents by an automorphism group 
G of the chiral algebra. The corresponding 'twisted boundary states' preserve the Virasoro 
algebra if G keeps it fixed. The states preserving the full chiral algebra (the 'untwisted' 
states) correspond to the identity element of G and are considered to be a particular case of 
the twisted states. In this sense, the twisted states associated with the automorphism group 
G realize a generalization of untwisted states. 

The classification problem of twisted boundary states is systematically studied by several 
groups [SI HOI IU| • 3 In particular, it is pointed out in [TU] (see also OCS]) that the mutual 
consistency of twisted boundary states in the charge-conjugation modular invariant follows 
from the integrality of the structure constants of a certain algebra called the generalized 
fusion algebra. This algebra is defined by the fusion of representations of the twisted chiral 
algebra and hence contains, as a subalgebra, the ordinary fusion algebra consisting of only 
representations of the (untwisted) chiral algebra. This relation of twisted boundary states 
with the generalized fusion algebra is quite analogous to the relation of untwisted boundary 
states with the ordinary fusion algebra, and suggests that the generalized fusion algebra also 

1 For the current status of the research about non-rational cases, see e.g. |21| . 

2 It should be noted that the Cardy condition is a necessary condition on boundary states ^ |SJ 0. 
Actually, there is a NIM-rep which does not give rise to any consistent boundary states, such as the tadpole 
NIM-rep of su(2) 2n _i (see e.g. 00). 

3 For the other approaches to boundary states with less symmetry, see, e.g., |12l 11^1 HI) . 
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plays some role in the classification problem of twisted boundary states. 

In this paper, we give an answer to the above question concerning the role of the gener- 
alized fusion algebra in the classification problem of twisted boundary states. Namely, we 
show that a set of mutually consistent twisted boundary states realizes a NIM-rep of the 
generalized fusion algebra. Our result is valid for any finite automorphism group includ- 
ing non-abelian ones. We point out that the generalized fusion algebra for a non-abelian 
automorphism group is non- commutative and provide some examples for the case of the sym- 
metric group S3. We develop the representation theory of the generalized fusion algebras 
and find their irreducible representations, which generalize quantum dimensions for the case 
of the ordinary fusion algebras. Unlike quantum dimensions, irreducible representations of 
the generalized fusion algebras are possible to have dimension greater than one, reflecting 
the non-commutativity of the generalized fusion algebras. We also point out that a NIM-rep 
of the generalized fusion algebra is decomposed into NIM-reps of the ordinary fusion alge- 
bra, since the former contains the latter as a subalgebra. As a check of our argument, we 
explicitly construct twisted boundary states in several concrete cases and show that their 
overlap matrices indeed form a NIM-rep of the corresponding generalized fusion algebra. In 
particular, we find that two NIM-reps of su(3)k (k = 3, 5) are combined into a NIM-rep of 
the generalized fusion algebra of su(3)k for the automorphism group {1, u c }, where uj c is 
the charge-conjugation automorphism of su(3)k- We also give an argument that some graph 
fusion algebra [T[JJ 1201 12] can be regarded as the generalized fusion algebra. More precisely, 
we show that the graph fusion algebra associated with boundary states in a simple current 
extension ^B] coincides with the generalized fusion algebra of the extended chiral algebra for 
an appropriate automorphism group. This result naturally explains the observation jjLQ j that 
the graph fusion algebra contains the fusion algebra of the extended theory as a subalgebra. 

An algebraic structure of twisted boundary states is also studied in |H1 |H] and we should 
clarify the difference of our analysis from that of [HI E] • In |E] , the case that a chiral algebra A 
is obtained by a simple current extension is considered. In this setting, the unextended chiral 
algebra Ao is characterized as the fixed point algebra of some finite abelian automorphism 
group G of A, which is the dual of the simple current group used in the extension. The 
authors of [S] classify boundary states that preserve Ao in the charge-conjugation invariant 
of A using simple current techniques, and show that the states preserving Ao can be regarded 
as the G-twisted states. They also show that the G-twisted boundary states correspond to 
one-dimensional representations of some commutative algebra called the classifying algebra 
[T7j . In [H], the structure of twisted boundary states in the charge-conjugation invariant is 
investigated for an arbitrary chiral algebra, in particular untwisted affine Lie algebras, with 
the automorphism group G = Z 2 , and the corresponding generalized fusion algebra together 
with the classifying algebra are studied. Our stance on the problem is slightly different from 
these studies. We do not intend to construct twisted boundary states explicitly; rather we 
clarify a consistency condition of twisted states assuming their existence. We impose no 
restrictions on the model we consider. The charge-conjugation modular invariant, as well as 
an abelian automorphism group, is a particular case of our analysis. Finally, the expression 
|Hj for the case of the Z 2 automorphism suggests that the classifying algebra in [E] is the dual 
of the generalized fusion algebra for abelian automorphism groups in the sense of C-algebras 
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[IHlEIllin]; although we have no proof for this statement. Since this duality exchanges the 
irreducible representations with the elements of the algebra, the result of [8 is consistent 
with the observation [TUl EH] that the twisted boundary states in the charge-conjugation 
invariant realize the generalized fusion algebra, which is the starting point of our analysis. 

This paper is organized as follows. In the next section, we give the definition of the gen- 
eralized fusion algebras using the twisted boundary states in the charge-conjugation modular 
invariant along the lines of ^21- The case of the affine Lie algebra so(8)i and its triality 
automorphism group is treated in detail. In Section El we show that the fusion coefficients 
of the generalized fusion algebras can be expressed in a form similar to the Verlinde formula 
even in the case of non-abelian automorphisms, and obtain the irreducible representations of 
the generalized fusion algebras. Based on this result, we show in Section 0] that the overlap 
matrices of mutually consistent twisted boundary states in any modular invariant form a 
NIM-rep of the generalized fusion algebra. Some examples including the case of non-abelian 
automorphisms are presented in Sectional In Section® we argue the relation of graph fusion 
algebras with the generalized fusion algebras. The final section is devoted to discussions. In 
the appendices, we present the details of the calculation in our examples. In Appendix |XJ 
we give an explicit realization of the algebra embedding su(3)s C so(8)i and show that 
the charge-conjugation automorphism group {l,tu c } of su(3) has a lift to so(8), which is 
isomorphic to the symmetric group S3 . In Appendix El the generalized fusion algebra of 
su(3)k {k = 3,5) for the charge-conjugation automorphism group is determined and it is 
shown that the twisted boundary states associated with non-trivial modular invariants yield 
a NIM-rep of the generalized fusion algebra. The same calculation is done in Appendix O 
for sw(3)® 3 and its permutation automorphism of three factors. 

2 Generalized fusion algebra 

In this section, we give a definition of the generalized fusion algebra for the chiral algebra A 
with the automorphism group G by using the cylinder amplitude for the (twisted) boundary 
states in the charge- conjugation modular invariant of A. 

2.1 Untwisted boundary states and ordinary fusion algebra 

We start from the construction of the untwisted boundary states and their relation with the 
ordinary fusion algebra pQ. 

Let X be the set of all the irreducible representations of the chiral algebra A. Since we 
consider only rational cases, X is a finite set. The vacuum representation of A is denoted by 
G X. For each A G X, the character Xx{q) °f the representation A is defined as 

X x(q) = Tr WA q Lo ~% , (2.1) 

where q = e 2mT , c is the central charge of the theory and the trace is taken in the irreducible 
representation space 7i\ with the highest-weight A. Under the modular transformation 
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r i— > — 1/t, the characters Xa(<?) transform as follows 



Xa(?) = E 5 Wm(9) (? = e- 2 ^). (2.2) 

The modular transformation matrix S is unitary and symmetric. The (ordinary) fusion 
algebra is an associative commutative algebra defined by the fusion of two representations 
in X, 

(A) x (/i) = X>Am» (A./16 2), (2.3) 

where the fusion coefficients A/a// take values in non-negative integers and are related with 
the modular transformation matrix via the Verlinde formula 



AT,/ = V S ^ S ^ , (2.4) 

A boundary state \a) is a coherent state in the closed-string channel that preserves a half 
of the (super) conformal symmetry on the worldsheet. We also require that \a) keep the full 
chiral algebra A. In terms of modes, the boundary condition can be written as 

(W n -(-l) h W„ n )\a} = 0, (2.5) 

where W n and W- n are respectively the modes of the current W(z) of the holomorphic chiral 
algebra A with conformal dimension h and its counterpart W{z) of the anti- holomorphic 
chiral algebra A. For each A G X, we can construct a building block |(A, A*))) of boundary 
states satisfying ()2.5|) . 
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|(A,A*)» = ^=V|A;iV>®|A;iV> eH x ®H x *, (2.6) 



v£oA N 

which is called the Ishibashi state Here | A; JV) is an orthonormal basis of the repre- 

sentation space 7i\ and we denote by A* G X the conjugate representation of A G X. This 
notation for Ishibashi states is slightly different from that used in other references, such as 
| A)). We adopt |(A, A*))), instead of |A)), to indicate explicitly that this state is composed of 
the states in H.\®7i\* with the highest-weight state |A) ® |A*) of A x A. Since the boundary 
condition (j2.5J) is linear, multiplying |(A, A*))) by some constant still gives a solution to ()2.5|) . 
The above normalization (j2.fi j) is chosen so that the following equation is satisfied, 



(<(A,A*)|g^|(A',A'*)>> =5 * ^(A;A^-^|A;iV> = 5 XX ,^- Xx (q) ■ (2-7) 
Here H c is the closed string Hamiltonian 
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and we used (L — Lo)|(A, A*))) = to eliminate L . 



H C = L + L -^- (2.8) 
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In order to find solutions to (|2.5|) . we have to specify the spectrum of bulk fields, or 
equivalently the modular invariant 

Z= Yl M ^XxX~^ (2.9) 
A,^ex 

where X\X^ corresponds to a bulk field $(a,^*) which carries a representation (A, /x*) of .Ax A. 
In (|2.9jl . there are fields with representation (A,/i*) and we should distinguish them by 
putting an index like $(A, At *) i if > 1- In order to keep the notation simple, however, 
we omit the extra index % and simply use $(a,^*) understanding that they appear in (|2.fJj) 
with the multiplicity M Aai . We denote by Spec(Z) the set of labels for bulk fields available 
in (|Z33, 

Spec(Z) = {(A, //*) | $ (AijU * } exists in fl2U)} • (2.10) 

Note that a symbol (A, //*) appears M A/i times in Spec(Z) corresponding to M Am independent 
bulk fields with the label (A,//*). In this section, we restrict ourselves to the case of the 
charge-conjugation modular invariant 

^ c = ]T|xa| 2 , (2.11) 

Aex 

for which the spectrum of bulk fields reads 

Spec(Z c ) = {(A,A*)|AGX}. (2.12) 

We have one Ishibashi state |(A,A*))) for each bulk field $(a,a*)- A general boundary state 
| a) satisfying ()2.5|) are therefore a linear combination of |(A, A*))) (A G X), 

|a> = X>«(A,A.)l(M*)>>- (2.13) 
Aex 

A consistent set of boundary states is obtained by considering the cylinder amplitude Z a p 
with boundary conditions a and j3. This amplitude can be calculated in two ways: a closed- 
string propagation between two boundary states, and an open-string one-loop amplitude. In 
the closed-string channel, the cylinder amplitude can be expressed as 

Z aP = (p\& H °\a), (2.14) 

where q = e~ 27r ^ and t is the circumference of the cylinder. On the other hand, the calculation 
in the open-string channel yields 

z aP = Y,MJxx(q), (2.15) 

Aex 

where q = e~ 2nt and {nxjj 3 is the multiplicity of representation A in the spectrum of 
open string with boundary condition [/?,«]. Note that this form of open-string spectrum, 
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®Aei( nA ) a ^ f° uows from the requirement that the boundary conditions a and (3 of open 
string preserve the chiral algebra A. Comparing two expressions for Z a p, one obtains 

(P\q^\a) = J2MJ X x(q). (2.16) 

xex 

The multiplicity {n^J 3 takes values in non-negative integers. In particular, {no) a a = 1, 
since an open string with the same boundary condition at both ends should have the unique 
vacuum. We therefore obtain 

(a\ql H ^\a) = X o(q) + ■ ■ ■ , (2.17) 

for any boundary state \a). Clearly, the simplest situation is that the right-hand side contains 
only the vacuum character xo- We denote such a state by |0), 

(0|^|0) = X o(q) ■ (2.18) 

This state can be realized in the charge- conjugation modular invariant using the Ishibashi 

states, 

|0> = $>oa|(A,A*)». (2.19) 

xei 

One can check that this state has the desired overlap with itself, 

(0|g^|0) = J2S^S 0X ^- X x(q) = $>oaXa(S) = Xo(q) ■ (2.20) 



OA 



The remaining states satisfying the boundary condition (|2.5jl are determined by requiring 
that their overlap with |0) contain a single character xx, 

(0\q^\\) = Xx(q) (AGX). (2.21) 

One can solve this equation to obtain |A) in the form 

|A> = ^S A/ J,( M , //)>>. (2.22) 

Actually, the overlap of this state with |0) yields xx, 

(Q\q&'\\) = TS^S x ^x»(q) = 52S x , X „(q) = Xx(q) ■ (2.23) 

Taking the complex conjugation of this equation, we obtain the conjugate representation A* 
of A G X, 

(A|9**"|0)=XA.(g). (2.24) 

One can relate the overlap of two boundary states with the fusion rule coefficients. Sup- 
pose that we have two open strings, one of which has the boundary condition [A*, 0] and the 
other has [0,fj] (see FigHJ). The spectrum of these two can be calculated as 
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Figure 1: Joining two open strings with boundary condition [A*,0] and [0,/x] yields a string 
with [X*,fj]. 

(\*\qh H °\0) = Xx ( q ) , (0\q^\fi) = X M ■ ( 2 -25) 

Since the boundary condition '0' is common to both strings, one can join two strings at the 
boundary '0' to yield a string with the boundary condition [A*,//]. The spectrum of this 
string can be determined by the fusion of the spectra of the initial strings. In the present 
case, this is nothing but the fusion of A and //. Hence we obtain 

(A*|^|/i) = ^jV A /x,(g)- (2.26) 
On the other hand, we can explicitly calculate the left-hand side using the Ishibashi states, 



Sx'arSnv— y^( S 1 )™XM) (2.27) 



Q 

ES\a Sua Sycr / \ 
— o xM) , 



where we used the unitarity of S and the property 



S\fj, — S\*^ . (2.28) 
Comparison of these two expressions for (\*\q2 Hc \fi) yields the Verlinde formula (j2.4jl . 

2.2 Twisted boundary states and generalized fusion algebra 

We next turn to the case of twisted boundary states and define the generalized fusion algebra 

p nm us! - 

Let G be a group of automorphisms of the chiral algebra A, which is in general a subgroup 
of the full automorphism group Aut(^4). We restrict ourselves to the case that G is finite 
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(but not necessarily abelian). We also require that G fixes the Virasoro algebra in A. Then 
we can modify the boundary condition of the chiral algebra using u G G as follows, 

(u(W n )-(-l) h W- n )\a)=0, (2.29) 

which we call twisted boundary conditions while the condition ()2.5|) the untwisted one. This 
boundary condition preserves the conformal symmetry since G fixes the Virasoro algebra by 
assumption. 

An automorphism u G G determines a unitary operator R(cu) on the representation space 
©Aei ^ of A through the relation 

u(W n ) = R^WnRiu)- 1 . (2.30) 

The operator R(u) in general maps the representation space T~C\ to the different one, which 
we denote by 7i u r\) , 

R(u) : H x -> 7C(A) • (2-31) 

Using this R(w), the basis of solutions to ()2.29|) can be constructed from the Ishibashi states 
(|2.fi|) for the untwisted condition (|2.5jl in the following manner, 

|(A,/i*);w» = fl(w)|(A*,M*)» 

= — ^=^i2(a;)|//;JV)® MO e Wa ® (A = , (2 ' 32) 



where acts only on the holomorphic sector and A = One can verify that this 

state satisfies the twisted boundary condition (j2.29j) as follows 

(-l) fe wL n |(A,//);u;)} = R(u)(-l) h W- n \(jjt, fi*))) 

= R(u)W n \( f i, f i*))) 
= R^WnRiu)-^) I (fi, ^))) 
= u(W n )\(\,(i*);uj)). 

We call these states |(A, //*); u>)) twisted Ishibashi states. The untwisted one (|2.fi|) can be 
considered as the particular case u = 1 of twisted states. Note that the w-twisted Ishibashi 
state | (A, fi*)] lj)) exists if and only if A = uj(fj). 

The overlap of twisted Ishibashi states can be calculated in the same way as the untwisted 

case, 

«(A,A**);w|^ J -|(A', A i / *);£y» = (((^^liZC^t^^o/)!^',^))) 

= v^- 5>; ^i^-v)^"-^ i/i; iv) . (2 - 34) 

*V n 

Clearly, this expression vanishes unless u; _1 u/(/x) = /i, or equivalently oj^uj' G «S(/i), where 
S(n) C G is the stabilizer of /i G X, 

<S(/i) = {w G G = /i} . (2.35) 
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Using the relations A = uj(fi) and A' = uj'(fi') = uj'(fi), we can rewrite the condition uj 1 uj' G 
into that for A and A', 

A' = uj'(fi) = ujuj~ 1 uj' (n) = co(fi) = A . (2.36) 

Conversely, A = A' implies uj~ 1 uj' G S(fi), 

to- V(/i) = u}~\X') = uT^A) = n . (2.37) 

Putting these things together, we can express the overlap of twisted Ishibashi states in the 
following form 

(((A^^lg^KAV*)^')) = S Mi y,,n^-X^'(q) (A = w(aO, A' = , (2.38) 

where %% (k> £ «S(/x)) is the twining character P3] of ^4, 

X -(g) =Tr WMJ R(^)g i0 -^. (2.39) 

As we have noted above, f° r a given /i G X vanishes unless G S(/a). Equivalently, for a 
given u E G, x 1 ^ exists if and only if = /U. To express the condition for non- vanishing 
Xx for a given uj G G, we introduce a set X(u;) which consists of representations of A fixed 
by uj 

T(uj) = {A G X | uj(\) = A} . (2.40) 
It is useful to note that the following two conditions are equivalent, 

A G 1(uj) uj G 5(A) . (2.41) 

Since the twisted Ishibashi state |(A, //*); uj)) composed from the representation (A,//*) 
exists only when A = oj{y), the set of uj- twisted Ishibashi states available in the charge- 
conjugation invariant (|2.11j) have the form 

{|(A,A*);u;»|AGX(u;)}. (2.42) 

A general boundary state \a) satisfying the boundary condition ()2.29|) in the charge-conjugation 
modular invariant is therefore expressed as follows, 

l"> = E *a(A,A*)l(A,A*);a;». (2.43) 

In order to determine the coefficients A «), we consider the cylinder amplitude (0\q^ Hc \a) 
with boundary conditions G X and a. Since the boundary condition of the corresponding 
open string is twisted by uj at only one end (see Fig|2j), the chiral algebra in the open-string 
channel is the twisted chiral algebra A w of A associated with uj G G, which is generated by 
the currents of A with the twisted boundary condition, 

W(e 2ni z) = uj(W(z)) . (2.44) 
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The cylinder amplitude (Q\qz Hc \ot) is therefore expanded into the characters of A w . 

We denote by X w the set of all the irreducible representations of the twisted chiral al- 
gebra A w and by x~\ the character of A 6 I". The modular transformation of X\ can De 
expanded into the twining characters (|2.H9jl of A. Actually, evaluating the cylinder am- 
plitude (0\qz Hc \a) in the closed-string channel yields a linear combination of the overlap 
(((A, \*)\q~2 Hc \(\, X*);u>)), which in turn provides the twining character X\(o) as we have 
shown in (|2.H8|) . 4 Accordingly, we can express the modular transformation of the character 
X\ in the following form, 

XX(?)= E S tXM (A 6 2"). (2.45) 

The matrix S u relates the representations of A u with those of A fixed by uj. We assume 
that is unitary. In particular, two sets, T w and 2(o>), have the same order, \X W \ = \X(u)\. 
This holds for many examples including the case of an affine Lie algebra of untwisted type 
with the diagram automorphism of its horizontal Lie algebra as an automorphism uj. 5 

We can determine the coefficients of twisted Ishibashi states in a way parallel to the 
untwisted one, namely we require the condition 

<0|g^ c |A> = ;a(<?) (A 6 V) . (2.46) 



In the same way as the untwisted case, twisted boundary states satisfying the above condition 
can be constructed using the modular transformation matrix of the chiral algebra in the 
open-string channel, this time A w , 

l*>= E sSJ(m,aO;<"». (2-47) 

We can check this expression yields the desired overlap ()2.46|) with |0), 

(0|g^|A>= ^ S f,^-^(q)= E = XX(3) ■ ( 2 - 48 ) 

Having obtained the explicit form of the twisted states, one can calculate the overlap of 
the twisted state \p) (/i G X w ) with generic untwisted states, 



E ^ A * CT *^Vc^ E (^) a ^,Xu{q) (2.49) 



Q Qui Qui 
°^°fla D ua , x 

—xm) ■ 



4 This argument gives an explanation for the fact [21] that the twining character for an affine Lie algebra 
with the diagram automorphism of its horizontal Lie algebra as an automorphism uj of order r can be 
expressed by characters of a twisted afhne Lie algebra q'^ t \ since the modular transformation of characters 
of a twisted afhne Lie algebra Q^~' is expanded into characters of a (generally different) twisted afhne Lie 
algebra g'M gg. 

5 A detailed study of the matrix for the case of uj 2 = 1 is given in j^j. 
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Figure 2: Joining two open strings with boundary condition [A*,0] and [0,/x] yields a string 
with [A*,//]. The thick line stands for a twist by the automorphism uo G G. 

In the same way as the case of untwisted states, one can regard this as the fusion of two open 
strings, [A*,0] and [0, p] (see Fig|2I). The spectrum of these two strings contains only one 
representation, A and p, respectively. Therefore the spectrum of the joined string [A*,/i] can 
be considered to express the fusion (A) x (/}) of two representations, A G X and p G T w . Since 
the string [A*, p] has a twist by ui at only one end p, its spectrum consists of representations 
of the twisted chiral algebra A u . Hence one can conclude that the product (A) x (p) is 
expanded into representations of A w , 

(A) x (p) = M Xi ?{p) (\el,pe in . (2.50) 

The coefficients M\^ v express the multiplicity of representation (J)) in the product (A) x 
(p) and take values in non-negative integers. In terms of these coefficients, the overlap of 
untwisted states with twisted states can be written in the following form, 

(\*\q^\P)=J2^^- ( 2 - 51 ) 

Comparing this with the closed-string channel calculation (12.49)1 . one can obtain a formula 
for J\f\ff, _ 

C qui oll} 

A/",/ = °" (A G X; /i, i> G 1-) . (2.52) 

The above result can be readily generalized to the fusion of two generic representations. 
To state the result in a concise form, we treat the untwisted states as the particular case 
u = 1 of the twisted states, and introduce a set X of all the representations of twisted chiral 
algebras A u for uj G G, 

X = JJ T 3 , (2.53) 

which contains X = I w=1 as a subset. We use a capital letter such as L for expressing an 
element of X and denote the automorphism type of L G X by putting a subscript like uo L G G. 
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In this notation, the modular transformation, eqs. (|2.2j) and ()2.45|) . of characters of A w can 
be written as follows, 

XM= E S lxXT(v) {Lei). (2.54) 

If L is a representation of A, L e X, the modular transformation matrix S^ 1 - is the ordinary 
S'-matrix and the twining character X\ L is nothing but the character x\ of A. The boundary 
states are labeled by the element of X and take the form given in eqs. (|2.22|) and (|2.47|1 . 

\L)= E ^SI(A,A*); WL » (L6X). (2.55) 

The overlap of |L) with the untwisted state |0) yields the character xl in the open-string 
channel, 

(0\q* H °\L)= X L{q) (Let), (2.56) 
which means that the open string [0, L\ has a spectrum consisting of only one representation 

Lei. 

Taking the complex conjugation of this equation, one obtains the spectrum of the string 
[L, 0]. Since the string [L, 0] has an orientation opposite to that of [0, L], its chiral algebra 
has a boundary condition twisted by uj'j} instead of ojl- The spectrum of the string [L, 0] is 
therefore expanded into characters of A^ L . Since the string [0, L] has only one representa- 
tion, the spectrum of the string [L, 0] also consists of only one representation. We call this 
the conjugate representation of L and denote it by L* G T u l c X, 

(L\r Hc \0) = XL^(q) (LEI). (2.57) 

This generalizes the complex conjugation of ordinary representations (see ()2.24j) ). Calculat- 
ing the left-hand side of eq. (j2.57J) in terms of the Ishibashi states yields 

XL*{q)= E Wxxf(q). (2.58) 

Comparing this with eq. ()2.54j) . we obtain the following formula 

Wx = sf x (Lei), (2.59) 

which reduces to eq. ()2.28|) for the case of ojl = 1. 

Since the spectrum of two open strings, [If, 0] and [0, M], consists of only one representa- 
tion, L and M, respectively, the spectrum of the joined string [If, M] is given by the fusion 
of two representations L and M. From the expression given in eq. (j2.55J) . one can calculate 
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the overlap of \L*) and \M) as follows, 



LX AIX~g {Q) 

^)nz(. M ) °* ^ 



EV^ ^LX MX NX ( n \ 
^ 5^ ' 

where we used the formula (|2.38|) and the unitarity of S UlUm . This equation shows that the 
fusion of two representations L and M (L, MgI) can be expanded into representations of 
the automorphism type lol^m £ G, which are also the elements of X. Therefore the set I is 
closed under the fusion of representations and forms an algebra 

(L)x(M) = Y,^lm N (N), (2.61) 

Net 

which generalizes the fusion algebra of ordinary untwisted representations. We call this the 
generalized fusion algebra and denote it by T{A;G). 6 The coefficients ATlm N take values 
in non-negative integers and we call them the generalized fusion coefficients. As is shown in 
the overlap (|2.6()j) . the generalized fusion coefficients are given by the following formula 



QU) L qU) M C^N 

\f N — LA MX NX v r ( R9 \ 

»5nA 

AeJ(w L )nJ(w A f) 

which generalizes the Verlinde formula ()2.4|) for the ordinary fusion coefficients. 

As we have argued above, the fusion of a representation L with M has the automorphism 
type io i,iom and is given by a linear combination of the elements in 1 Ul1a3m . An immediate 
consequence of this fact is that (L) x (M) ^ (M) x (L) in general, since two sets X UlU1m 
and X^ M< ^ L are distinct from each other if ujl^Jm 7^ ^m^l- Therefore the generalized fu- 
sion algebra J 7 (A; G) is non- commutative if the automorphism group G is non-abelian. In 
contrast to this, there seems to be no special reason for a generalized fusion algebra to be 
non-commutative for an abelian G. Actually, it follows from the definition ()2.62j) of the 
generalized fusion coefficients that (L) x (M) = (M) x (L) if ujl^m — ^m^l- In particular, 
F(A; G) is commutative if G is abelian. The ordinary fusion algebra J 7 {A) corresponds to 
the trivial case J 7 (A; {1}) and is hence commutative. 

2.3 An example: generalized fusion algebras for so(8)i 

As an illustration of our argument, we give the explicit form of the generalized fusion al- 
gebra for the affine Lie algebra so(8)x and its triality automorphism group, which is iso- 

6 J 7 stands for fusion. 
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(2.64) 



morphic to the symmetric group 5*3. Since S3 is non-abelian, the generalized fusion algebra 
JF(so(8)i; S3) 7 is non-commutative. 

There are four irreducible representations for so(8)i, 

1 = {O = A , V = Ai, S = A 3 , C = A 4 }, (2.63) 

where Aj is the fundamental weight of so(8)j and each symbol stands for the vacuum, vector, 
spinor and conjugate spinor representation, respectively. The modular transformation matrix 
reads 

/ll 1 1\ 
11-1-1 
1-11-1 

V - 1 - 1 !/ 
where the rows and the columns are ordered as 1)2.63)1 . 

The chiral algebra so(8)i has an automorphism group consisting of all the permutations 
of three legs of the Dynkin diagram for the horizontal subalgebra so(8) C so(8)i, which is 
isomorphic to the symmetric group 5*3. The automorphism group S3 is generated by two 
elements ir and a, which act on the elements of I as 

tt:V^ S^C^V, 0^0, 

2.65 

a : O i-> O, V ^ V , S h-> C S. y ' 

In terms of 7r and a, the elements of S3 can be expressed as follows, 

S3 = (71", a) = {1, 77, 7T 2 , a, iter, ir 2 a} . (2.66) 

In order to obtain the generalized fusion algebra, we need to know twisted representations 
and their modular transformation for each element of S3. For 7r and 7r 2 , the fixed point set 
of the automorphism consists of a single element 

J(tt) = J(tt 2 ) = {0} . (2.67) 

Correspondingly, there is only one representation for each twisted chiral algebra, which is 
isomorphic to the twisted affine Lie algebra D\ at level 1. (The irreducible representations 
and their modular transformation matrix for the affine Lie algebra D± (r = 1,2,3) are 
presented, e.g., in (2SI-) We denote the twisted representations for 7r and 7r 2 as follows, 

X^ = {(0)J, ^ = {(0)^}. (2.68) 

The modular transformation matrix in this case is simply a number 

^ = (1), S n2 = {l). (2.69) 

There are two representations fixed by a e S3, 

l(a) = {0,V}. (2.70) 



7 For brevity, we denote the automorphism group itself by S3 
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(2) 

The twisted chiral algebra for this case is isomorphic to D\ at level 1. There are two 
representations of the twisted chiral algebra for a, which we denote as 

T = {(0) CT , (1),}. (2.71) 

The modular transformation matrix reads 

S a = \(\ \) ■ (2-T2) 



V2V - 1 

For the other elements na and ir 2 a, one can proceed in the same way as o to obtain 

T(trt) = {O, C} , 1™ = {(0) w , (1).,} , (2.73) 

X(ttV) = {O, S} , X A = {(0)^, (1)^} . (2.74) 

The modular transformation matrix is the same as that for a, 

S™ = S^ a = S a . (2.75) 

Consequently, the set X of all the twisted representations consists of 12 elements, 

|X| = |X| + \T\ + \T 2 \ + \T\ + IT" 7 ] + \T 2<7 \ = 4 + 1 + 1 + 2 + 2 + 2 = 12. (2.76) 

Since all the modular transformation matrices are real, the relation ()2.59|) implies that the 

2 

representations in X, X^X 7 ™ 7 and X 71 " a are self-conjugate. On the other hand, for the rep- 
resentations in X 71 " and X 71 " 2 , the conjugation changes the automorphism type, (0)* = (0)^2, 
since 7r _1 = tc 2 . 

Having obtained twisted representations and their modular transformation matrices, it 
is straightforward to calculate the generalized fusion coefficients of JF(so(8)i; S 3 ) using the 
formula (|2.fi2j) . For example, the coefficient •A/(o), r (o) < ^ '' r<7 can be obtained as follows, 



C7T Qa Qncr On Cff Q71 

Cr (0)™ _ °(0)»A J (0).A J (Q)„A _ J (»),Q J (»),Q J (0)„O _ , __v 

•^(OMO). - 2^ Q ~~ q _i ' { - l -"> 

AeX(7r)nJ(a) UA uu 

The other cases can be calculated in the same manner; we give the result in Tabled As this 
table shows explicitly, the generalized fusion algebra JF(so(8)i; S3) is non-commutative. For 
instance, the fusion of (0)^ with (0) CT yields 

(0),x(0) ff = (0)„ + (l)„, 
(0) ff x(0) 7r = (0) ff3(r + (l) waff . 

Since ir 2 a 7^ 7ro~, these two expressions are distinct from each other, namely (0) CT x (0)^ 7^ 
(0)^ x (0) CT , which shows the non-commutativity of this algebra. One can also check the 
associativity of this algebra, for example, 

(0). x ((0), x (0) CT ) = (0), x (0)™ + (0), x (l) w = 2 (0)^ + 2 (1)^ , 
((0),x(0) ff )x(0) ff = 2(0), 2 x(0) ff = 2(0) A + 2(l) A . 
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Table 1: Multiplication table of the generalized fusion algebra J-(so(8)i, S3). The subscripts 
stand for the automorphism type of twisted representations. Since an = n 2 a 7^ na, this 
algebra is non-commutative. 
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A proof for the associativity of the generalized fusion algebras is given in the next section. 

The generalized fusion algebra J-(so(8)i, S 3 ) contains non-trivial subalgebras other than 
the ordinary fusion algebra JF(so(8)i). Actually, a subalgebra of JF(so(8)i; S 3 ) exists for each 
subgroup of 5*3, 

{1}, (a), (tht), (ttV), (tt) = A 3 = Z 3 . (2.80) 

For example, corresponding to the three elements {1, tt, tt 2 } of the alternating group A 3 C £3, 
the representations in X, X 71 " and X 71 " form a subalgebra which we denote as J-"(so(8)i; A 3 ). 
The generalized fusion algebra JF(so(8)i; S 3 ) is then decomposed into representations of 
J-"(so(8)i; A 3 ). Indeed, from Tabled one can check that the set X°" II I nu II X 71 " a is invariant 
under the action of J-"(so(8)i; A 3 ) and hence gives a representation of it. Together with 
the regular representation of JF(so(8)i; A 3 ) on X II X 77 II X 71 " , we eventually obtain two 
representations of JF(so(8)i; A 3 ) from the decomposition of the regular representation of 

^■(50(8)1; ft)- 



3 Irreducible representations 

For ordinary fusion algebras, the formula ()2.(i2j) for the generalized fusion coefficients reduces 
to the ordinary Verlinde formula 



Mlm = > ~ , (A-U 

from which one can show that the generalized quantum dimension 

bx(L) = ^ (A 6 X) (3.2) 

realizes a one-dimensional representation of the fusion algebra J-"(A), 

b x (L)b x (M) = J2^LM N b x (N) . (3.3) 

Nei 

The aim of this section is to extend this result to the case of the generalized fusion algebra 
^(A; G) for a general finite group G. As we shall show below, we have irreducible repre- 
sentations with dimension greater than 1 due to the non-commutativity of ^{A; G) if G is 
non-abelian. 

We start our analysis by introducing a new basis for twining characters. Namely, we 
define the following linear combination 



V uj£tS(A) V ojE(S(A) 

Here <S(A) C G is the stabilizer of A defined in (12.35}) . and p G Irr(5(A)) is a unitary 
irreducible representation of S(X), 

p(uj) = (p ab (u J )) l<ab<n eU(n-X) (n = dimp). (3.5) 
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The set {X(\- p ) I P e Irr(«S (A) ) ; 1 < a, b < dimp} forms a basis for the twining characters of 
A G X. Actually, one can express X\ i n terms of X(\- P )i 

Xa(?) = ^4^ E V&^P~P ab (")xt, p) (q)- (3.6) 

Vl 6 l A Jl peIrr(5(A)) 
l<a,fe<dim p 

Here we used the orthogonality relations for matrix elements of irreducible representations 

Wl E ^) = (ft, Pi e M# )), (3.7a) 

-!- E (dimp)p a6 (/i)^()7) =5 W (h,h'eH), (3.7b) 



Iff 



pSlrr(ff) 
l<a,ft<dimp 



which hold for any finite group H . 

In terms of X(\- P )i the modular transformation of the character xl (L G X) can be ex- 
pressed as follows, 

XL(q)= E S L\xT{q) 

= E ^-mm E v / dm^p ab K)xS ; p)(^) 

AeZ(^) VPWI pelrrOS(A)) (3.8) 

l<a,6<dimp v y 



= E E 

AeX(t^) peIrr(5(A)) V 1 1 jl 

l<a,6<dim p 

We write this in the following form, 

**(9)= E E ^(A;p)Xg ; p)(?). (3.9) 

(A;p)eX* l<a,6<dimp 

Here the set X* and the matrix S are defined as follows, 

J* = {(A; p) | A G X; p G Irr(<S(A))} , (3.10) 
506 = {^ V / |rSp ab K) (AGXK), P Glrr(5(A))), 

i(A;P) \o (A^XK)). 

We call S the generalized S- matrix of the chiral algebra A. This matrix S is square since 

\?\ = Ei J i = Ei J (^)i = Ei^( A )i = E E ( dim -°) 2 = E ( dim -°) 2 • ( 3 - 12 ) 

u>eG lo&G \el Xel peIrr(5(A)) (A;p)eX* 
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Moreover, S is unitary, 

E ty*p>sfy~)= E s l l ^ E E^^Vl)^w) 

(\;p)ei*;a,b X€X(u L )ra(u M ) pGlrr(S(A)) 0,6 

— s Ui q^yA (3.13) 

= 5lm , 

where we used the orthogonality relation ()3.7b|) . The same matrix for the case of G = Z 2 is 
found in PCHj. 

One can express the generalized fusion coefficients p. 62)1 in a form completely parallel 
to the ordinary Verlinde formula ()3.1|) using the generalized S'-matrix (|3.1H1 in place of the 
ordinary S'-matrix. Namely, we can prove the following formula 



qab qbc dac 

Af LM N = Yl } T' p) } • ( 3 - 14 ) 

(X;p)et*;a,b,c ^0(A;p) 

This can be readily checked by a straightforward calculation, 
r.h.s. of ({HI 

qui L qU> M OUN r]\m n 

E E E|M pa6K)/c( " M); ^ y 

\eT{Lo L )ca{u> M )C\T{Lo N ) 0A peIrr(S(A)) a,b,c ' ^ 

qU L qWM Q^iV _ J: 

E ^LX MX ^NX ST^ \^ Qlm P n aa(, , , , , .„ 1 
2^ ^M^ P ( ^ a/ ^ } (3-15) 

AeX(wz,)nX(a;M)nX(aj A r) peIrr(5(A)) a 



C^L C^JVI C^JV 

E °LA °MA jVA r 

— A? w 

— JVLM i 

where we used the orthogonality relation ()3.7b|) for h! = 1. We call eq. (|3.14|) the generalized 
Verlinde formula. 

The similarity of eq. ()3.14|) to the ordinary Verlinde formula ()3.1|) suggests that the quan- 
tum dimension ()3.2|1 is also generalized to the case of generalized fusion algebras. Actually, 
one can prove the following 

b iX;p) {L)b {X;p) (M) = J2^lm N b (X;p) (N) , (3.16) 

where b^. p )(L) is a matrix defined as 

/ s ab \ 

b (A;p) (L)= U^ G M n (C) (n = dimp,(A;p)GJ*). (3.17) 

V ^0(A;p) / l< aj fe<„ 
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The proof of eq. (j3.16|) is straightforward, 



qa'b' qb'c' da'cf dab 
ST \r N U ab t AT \ ST ST D L(\';p') D M(\';p') D N(X';p') D 7V(A;p) 

Z^Mlm b {x . p) (N) = 2_^ 2^ §Ti -§Ti — 

NeT NeT {\>;p')eT*;a>,b>,c> 0(A';p') 0(A;p) 

= y ^V)^AV) s s ja'a^b 

A^/ cll oil p p 

(X';p')ei*;a',b',c' °0(A';p') D 0(A;p) (3.18) 

Cafe' cfe'fe 

E°L(A;p) °M(A;p) 
Cll cll 
b> °0(A;p) °0(A;p) 

The above equation ()3.16|) means that b(A;p) defined in (I3.17j) realizes a representation of 
the generalized fusion algebra T{A] G) by linearly extending its action on the basis (L) to 
the entire algebra. For the case of ordinary fusion algebras, b(A ; p) reduces to the quantum 
dimension b\ since the generalized ^-matrix S coincides with the ordinary S'-matrix for ordi- 
nary fusion algebras. Therefore b(A;p) actually gives a generalization of the one- dimensional 
representations b\ to the case of generalized fusion algebras. 

Since we define the generalized fusion algebra by products of the boundary vertex op- 
erators, we can expect that the generalized fusion algebra is associative. However the as- 
sociativity is not manifest from the definition ()2.62|) of the generalized fusion coefficients 
and its proof is desirable. Let N L be a matrix (N L ) M N = Mml N ■ The associativity of the 
generalized fusion algebra is equivalent with the following condition for Nl, 

NlN m = Y,^m N N n . (3.19) 

Nei 

One can easily see that this follows from the generalized Verlinde formula (|3.14jl . First note 
that 



S' 



66' 



(N L ) M N - M M l N - y Sm(\; P ) S\\i5 pp i5 aa ^' p) S^ b { ' x ,. pl) 



(A;p);a,6 (A';p');a',fe' 0(A;p) 



X] ^M(A;p) ^AA'5pp'£ aa b b { b x . p) (L) S^ b { ' xl . pl) 

(A;p);a,6 (A';p');a',6' 

1 N 

S 0( b(MW®- - -®b(A, P )W ) 5t 

(A;p) ' 



(3.20) 



(dim p) terms 



M 



which shows that the matrix Nl is similar to a direct sum of b^\- p ^(L). The equation ()3.19|) is 
an immediate consequence of this fact since b(\ ;p }(L) satisfies the generalized fusion algebra 
()3.16|) for all (A; p) G I*. The generalized fusion algebra is therefore associative and the 
matrix Nl realizes the (right) regular representation of the generalized fusion algebra. 
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We next show the mutual independence, in particular irreducibility, of br\;p) f° r (A; p) G 
J*. To see this, we use the explicit form of bn. p )(L), 

w) = ^ 6S(A) '' (3.2D 

[0 (otherwise) , 

which follows from eg. (j3.ll)) . Suppose that bn-,p) is reducible. Then there exists a matrix X 
such that 



Xb (A;p) (L)X- 1 = for all L G T. (3.22) 

However this implies that p G Irr(<S(A)) is also reducible, since there exists at least one 
representation Lel u for each a; G 5(A) such that S 1 ^ ^ and p(c<j) = Jgr-b( A;p )(L). This 

contradiction proves that b( A;p ) is irreducible for all (A; p) G J*. 

In order to show the mutual independence of b( A;p ), we introduce the character of b( Aip ), 



~ (otherwise) , 

where ip is the group character of the representation p G Irr(«S(A)). These characters satisfy 
the following orthogonality relation 



^LfX-.o) S b L(\':o>) ST^ S\\>5nniS aa 5\\>5 nn > 



b(x-p) \L) b (x , pl) (L) = 2^2^ -^T~ ~&Ti = 1^ ( o ^ 2 dimp = i TF-xj • I 3 - 24 ) 

Le X a,6 L ^0(A;p) ^0(A';p') a ^°Aj | 5(A) | | 5 (A)| \°0X) 

Suppose that two representations b( A;p ) and b(x';p') are similar, i.e., there exists a matrix Y 
such that 

b (A;p) (L) = Yb (xl , pl) (L)Y- 1 for aU L G X. (3.25) 

Then the corresponding characters are the same, 6( A;P )(L) = 5( A / ;p /)(L). However this implies 
that (A; p) = (A'; p') since 



^S (A;p) (L)S (AV) (L) = ]T|& (A;p) (L)| 2 > (3.26) 

LGX l 

which is not possible for (A; p) ^ (A'; p') from the orthogonality relation (|3.24jl . Therefore 
two representations b( A;p ) and b( A / ;p /) are distinct if (A; p) ^ (A';p'). To summarize, we have 
shown that {b( A;p )|(A; p) G I*} is a set of mutually independent irreducible representations 
of the generalized fusion algebra. 

We illustrate our results by the generalized fusion algebra JF(so(8)i; S3) presented in 
Section l2~3l The stabilizer (|2.35|) for the representations (|2.63|) of so(8)i is determined from 
the action ()2.65j) of S3 on the representations, 

S(0) = S 3 , S(V) = {!,*}, S(S) = {l,n 2 a}, S(C) = {l,na}. (3.27) 
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Po 

Pi 

P2 



7T 



7T 



7TO" 



Tr 2 a 



1 
1 

1 
1 



1 
1 

re 
re 



1 
1 

R 
re 



1 

-1 

1 

1 



1 

-1 

re 
R 



1 

-1 

R 
re 



Table 2: Irreducible representations Po,Pi,P2 of the symmetric group S 3 = (n,a). re is a 

i o -, 27TI 



cube root of 1, re = e a* 



The stabilizers for V, S, C are isomorphic to Z 2 , for which there are two irreducible repre- 
sentations. We denote them as p± G Irr(Z 2 ), which are defined for the case of S(V) as 



P±(l) 



±1 



(3.28) 



For the symmetric group S3, there are three irreducible representations, p , p\ and p 2 , two 
of which are one-dimensional while the remaining one is two-dimensional (see Table EJ). 
Accordingly, the set I* in (j3.10j) takes the form 



T = {(A; P )|AgT; pGlrr(S(A))} 

= {(O; 0), (O; 1), (O; 2), (V; +), (V; -), (S; +), (5; -), (C; +), (tf; -)} 



(3.29) 



where we write p a (a = 0, 1, 2; ±) as a for simplicity. The generalized S'-matrix (j3.11j) . which 
is a 12 x 12 matrix in the present case, is then obtained in the following form, 
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1 




v/2 










-V3 


V3 


v/3 


-V3 


-V3 


c 


1 


1 












-n/3 


-V3 


-V3 


-V3 


V3 




(Oh 


2 


2 


VEk 


VEr 


























(0)^2 


2 


2 


Vsr 




























(0) CT 


V2 


-v/2 








2 


2 


a/6 


-Ve 














(1) CT 


V2 


-^2 








2 


2 


-^6 
















(0)™ 


V2 


-y/2 








2 k 


2k 














v/6 


-V6 


(1)™ 


V2 


-y/2 








2 k 


2k 














-V6 


V6 




V2 


-V2 








2k 


2k 










-V6 










V2 


-y/2 








2k 


2k 








-V6 
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where k = e~ . One can readily check that this matrix is unitary and that the general- 
ized Verlinde formula ()3.14j) reproduces the generalized fusion coefficients of JT(so(8)i; S3) 
given in Table ^ From this matrix S, one can construct the irreducible representations 
()3.17j) of JF(so(8)i; S3). We give the result in Table El From this table, one can check that 
b(X;p){L) ((A;p) £ i*) indeed satisfies the generalized fusion algebra in Table [Hand realizes 
a representation of ^ r (so(8) 1 ; S 3 ). 

Before concluding this section, we comment on the case that the automorphism group 
G is abelian. Since all the irreducible representations are one- dimensional for an abelian G, 
the representation matrix p(uj) has only one component p u (uj). Therefore we can omit the 
suffix and write p(u) instead of p u (u). This enables us to express the formulas we have 
given above in a simple form. First, the basis ()3.4j) of twining characters and its modular 
transformation can be written as follows, 

X(A;,)(g) = JrrTTr Yl P( u )Xx(q), (3-31) 

vl<M A )l ueS{x) 

Xl(q)= Yl S L{x . p) X(x- P )(q) , (3.32) 

(A;p)GJ* 

where the generalized S-matrix is defined as 

f s%-r±==p(u L ) (A e X(u L ), p G Irr(<S(A))) , 
S L(X . P) = \ LX V^W\ HK ' 1 1 hH 11 '"^ (3.33) 

' lo (A^/W). 
The generalized Verlinde formula (|3.14jl then takes the form 



M LM N = J2 gL(A;P) ^ M(A;P)gjV(A;P) • (3.34) 

For G = Z 2 , the generalized S-matrix ()3.33|1 and the generalized Verlinde formula ()3.34j) 
reproduce the result given in [HUTU]. The matrix S is denoted as S in 0, which is considered 
to be a particular case of the same matrix in [B] for a general finite abelian G. This suggests 
that two matrices S in ()3.33|) and S in [S] are the same, although we have no proof for this 
statement. If this is the case, the classifying algebra in jS] is the dual of the generalized 
fusion algebra ()3.34|) in the sense of C-algebras [THl E3 120] with the structure constants 



iW (A ;p)(A';p') = A > (3.35) 



Sl(0;pq) 



where p is the identity representation po(u) = 1 (Vcj G G) of G. Clearly, the irreducible 

S 

representation of this algebra takes the form (A; p) 1— > ^ L(A;p) and is labeled by L G X. 



s i(0;p ) 
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V 


S 


C 


(0). 


(0)^ 


(0)«r 


(1), 


(0)™ 


(1)^7 






b(O:0) 


1 


1 


1 


1 


2 


2 


V2 


V2 


>/2 


V2 


V2 


V2 


b (0;l) 


1 


1 


1 


1 


2 


2 




-V2 




-V2 


-V2 


-V2 


&(0;2) 


(01) 


(o?) 


(o?) 


(o?) 


2(82) 


2(82) 


V2(Vo) 


V2(?J) 


V2(«s) 


V2(°g) 


V2(°g) 


V2(«S) 


b (V;+) 


1 


1 


-1 


-1 








V2 


-V2 














b(V;-) 


1 


1 


-1 


-1 








-V2 


V2 














b (S;+) 


1 


-1 


1 


-1 




















V2 


-V2 


b (S;-) 


1 


-1 


1 


-1 




















-V2 


V2 


b (C;+) 


1 


-1 


-1 


1 














v/2 


-V2 








b (C;-) 


1 


-1 


-1 


1 














-V2 


V2 









Table 3: Irreducible representations of the generalized fusion algebra JF(so(8)i; S3), k is a 
cube root of 1, k — e~i~. Unlike ordinary fusion algebras, there is an irreducible representa- 
tion of dimension 2 due to the non-commutativity of JF(so(8)i; 5*3). 

4 Boundary states as a NIM-rep of generalized fusion 
algebras 

It is now well understood that boundary states preserving a chiral algebra A form a non- 
negative integer matrix representation (NIM-rep) of the fusion algebra J~{A) 0- Since the 
generalized fusion algebra ^(A; G) is defined through the twisted boundary states associated 
with the charge-conjugation modular invariant, it is natural to expect a close relationship 
between T{A\ G) and twisted boundary states for general modular invariants, such as simple 
current invariants ^B] or exceptional ones. As we shall show below, this expectation turns 
out to be true; a set of mutually consistent boundary states associated with any modular 
invariant realizes a NIM-rep of the generalized fusion algebra. 

4.1 Charge- conjugation invariants 

We begin our analysis by rewriting the twisted boundary states for the charge-conjugation 
modular invariant in the form that the relation to the generalized fusion algebra is more 
apparent. We call them the regular states since their mutual overlap is expressed by the 
generalized fusion coefficients, which realize the regular representation of the generalized 
fusion algebra. 

Corresponding to the character X(\- p ) defined in eq. (J3.4|) . we introduce a new basis for 
the twisted Ishibashi states, 



|((A,A*);pU» = 
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One can express the original basis in terms of |((A, A*); p) a b)) as 



= -±= E V / dim7p a6 HI((A,A*);p) a6 )), (4.2) 

Vl 6 l A JI peIrr(S(A)) 
l<a,fe<dim p 

where we used the orthogonality relation (J3.7bj) for the matrix elements of p. We denote the 
set of labels for the new basis |((A, A*); p) a b)) of twisted Ishibashi states by S , 

£ = {((A, A*); p) | A G X; p G Irr(<S(A))} . (4.3) 

This is essentially the same set as X* defined in (I3.1()|) . We have introduced the new symbol 
So for the labels of Ishibashi states in order to reserve X* for expressing the chiral quantity. 
The overlap of |((A, A*); p) ab )) with |((A, A*); f/) aV )) yields tf> p) , 

((((A,A*);p')^l# ff 1((A,A*);p) a6 )) = V^v^P £ A^fxf^?) 

-t^P E ^>0p^^(s) 

w,u;'£iS(A) 



r raa' 1 / 1^(^)1 h'b (~\ 

5pp ' 5 5«lVdma7 X(A;P)(g) 



V^ aa ^xS P) (g). 



1 

Ll 

J 0(X;p) 

Using |((A, A*); p) a b)), we can rewrite the regular state \L) (L G X) as follows 

\L)= £ ^|(A,A*);c L )) 
Aex(^) 

= E ^a^TTTT E V / dmi7p afe K)|((A,A*);p) afe )) 

A e j( WL ) Vl<M A )l pelrrGS(A)) ^ 

l<a,fe<dim p 

= E E^(A;p)K( A ' A *)^)^))- 

((A,A*);p)e£ a ' b 

The boundary state coefficients of the regular state \L) are therefore given by the generalized 
S'-matrix S. It is instructive to calculate the overlaps of \L) starting from the form given 
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above, 



(A;p)eZ* 0,6 a',6' D 0(A;p) 

= S S ^m(A;p)^ a ;p)5ii ^?A;p) Xiv(g) 

(A;p) 0,6 6' 0(A;p) N 



qab ebb' Cab' . . 

D £(A;p) D jV*(A;p) D M(A;p) ^ ^ (4.6) 

2V (A;p);a,fe,fe' ^0(A;p) 



E-^v M ;av,(g) 



iV 



where we used the formula 



^(A;p) = ^(A;p) (4-7) 

which follows from eq. ([2.59j) . In this way, we reproduce the regular representation Nl of the 
generalized fusion algebra as the overlap matrices of the regular states. 



4.2 General cases 

We next turn to the case of twisted boundary states associated with a general modular 
invariant Z (see (I2.9J1 ) of the chiral algebra A. In order to express twisted boundary states, 
we have to determine what kinds of twisted Ishibashi states are available in the modular 
invariant (|2.9jl . As we have argued in Section l2~2l the twisted Ishibashi state |(A, //*); u)) 
exists if and only if A = uj(fj). Accordingly, the set of labels for cu-twisted Ishibashi states, 
which we denote by £(w), takes the following form 

£{u) = {(A, //) I (A, //) e Spec(Z); A = lu^)} , (4.8) 

where Spec(Z) is the spectrum of bulk fields in Z (see (|2.1()J) ). A general boundary state 
| A) satisfying the boundary condition ()2.29|) is then written as 

\A)= £ *W)K A ^*)^)) (^V^CV). (4.9) 

(A,^*)e£(w) 

Here V w is the set of labels for the otwisted boundary states. We have also introduced the 
set V of all the labels of twisted boundary states, 

V = ]J V" • ( 4 -!0) 

As in the case of the regular states, we assume that the number of twisted boundary states 
is equal to that of twisted Ishibashi states jHj, 

\V"\ = \£{u)\ (weG). (4.11) 
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This condition together with the mutual consistency of boundary states implies that the 
boundary states labeled by V u form a NIM-rep of the (ordinary) fusion algebra J 7 (A) of A 
j2]. In particular, the matrix (^^(a,^*) = ^a(x^*) * s unitary. 

In the same way as the regular states (|2.fi()jl . the overlap of two twisted boundary states 
can be expanded into a sum of the characters for representations of twisted chiral algebras, 



(V)6£(u4)n£(w fl ) 0/ " 



E ntx^n-x,^ E s ^ A x N ( q ) 

(4.12) 



' S 

(X,li*)££(u) A )C\£(u b ) ° M N ^>- l u, A 



= E E ^.)-|-«^x^(g) 
= E (^vU B X7v*(g) > 

where oja is the automorphism type of \A) and we used the formula (|2.38|) . A |V| x |V| 
matrix is defined for each N G I as 

(^)a S = E *^)^*5^><W^- (4-13) 

(A 1/U *)e£(a; A )n£r(a; s ) ° M 

The entry of should be non- negative integer for the mutual consistency of boundary states, 
since it represents the multiplicity of representation iV* G I in the open-string spectrum. 
In the rest of this section, we show that these matrices {n^\N G X} satisfy the generalized 
fusion algebra J 7 (A; G). 

We first rewrite the boundary states ()4.9|) in a form similar to the regular case ([4.5)1 . To 
do so, we have to generalize the basis (j4.1|) of Ishibashi states for (A, A*) G Spec(Z c ) to that 
for (A,//*) G Spec(Z). In contrast with the case of the charge-conjugation invariant Z c , the 
label (A,/!*) of bulk fields is in general not symmetric; there exists some (X, fx*) G Spec(Z') 
with A fi. Although the untwisted Ishibashi state can not be constructed for (X, fx*) with 
A 7^ fx, it is possible to obtain twisted states for (A, fx*) if A = oo(fx) for some to G G. In other 
words, twisted Ishibashi states are available for (A,/i*) if A belongs to the G-orbit G\x of fx, 

Gfx = {u(fx)\u eG} dl . (4.14) 

In the following, we consider only the case of A G Gfx, since the label {X, fx*) with A ^ G/x 
does not appear in the twisted boundary states for the automorphism group G. 

Let be an element of G that relates A G Gfx with fx, namely A = u x ^(fx). In general, 
this element ux^ can not be determined uniquely due to the stabilizer S(fx) of fx. Suppose 
that we have another element u' Xfl G G satisfying A = oj' x ^{fx). Then uj x u X/1 is an element of 
S(fx) since u! x ^u' x ^(fx) = cu x ^(X) = fx. In other words, u>' XfX belongs to the coset 

uJx^S(fj) = {uJx^\uj G S(fj)} C G. (4.15) 
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This result shows that, for a given (A,p*) € Spec(Z), the twisted Ishibashi state |(A, p*); u;)) 
exists if and only if uj G cu\ fJi S(p). 

Based on this fact, one can generalize the basis (j4.1j) of twisted Ishibashi states in the 
following manner, 



|((A,//);pU» = E ^H|(A,/i*);M) (A = ^ A >); p G Irr(S(p))) . 

(4.16) 

Similarly to eq. (|4.2jl . one can express the original basis |(A, /x*); u;)) in terms of |((A, p*); p) a b)), 
\frf) ]U )) = —±= y/^pf*(u£uMX,lf);pU)) (w e o; AM «S(/x)) . (4.17) 

vl^lWl p6lrr(.S(p)) 
l<a,fe<dim p 

The overlap of |((A, p*); p) a &)) with |((A, /x*); p') a 'b')) can be calculated in exactly the same 
way as |((A, A*); p) a6 )), 

((((A,p*);pV^|((A,p*);pW> 

= V^V^T P J2 p-'^^P^(((A,P*);- A X|g^ c |( A ,^);^)) 



Lj,a/e6(p) 

«fm7 E p' a 'V)P^^^) (4 ' 18) 



Op 



= V* aa ^T-X^)(ff)- 

D 0( M ;p) 

The overlap between two states with different labels, (A', /x'*) 7^ (A,p*), vanishes from the 
formula (jTSSj) . 

Substituting ()4.17|) in ()4.9|) . the boundary state |A) can be brought to the following form, 

= E ^.,-7=^ E v / dr^/> a6 K / !^)i((A,^);p)a 6 )) 

(A,/i*)ef(«) VKHWl P 6lrr(5(p)) 

l<a,b<dim p 

= E E^W');p)K( A '^)^)^))> 
((A,p*) ; p)e^ a.6 
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where we denote by £ the set of labels for the basis |((A, //*); p) a b)) available in the modular 
invariant (J2.9j) . 

£ = {((A,/i*);p) (X,fi*)e \j£(aj);pehT(S(fi))\. (4.20) 



It should be noted that some (A,/i*) may appear more than once in £ corresponding to the 
multiple occurrence of bulk fields with representation (A,/i*) in the modular invariant ()2.9|) . 
The boundary state coefficient ^A((\n*y P ) * s related to the original coefficient ^f AjU *) as 
follows 



\T/ a6 

V A((A, M *);p) 



^0 {{\p*)££{u A )). 



This form is completely parallel to the generalized ^-matrix (jH.llj) . Actually, from the 
unitarity of ty u for all uj G G, one can prove that the matrix \1/ is also unitary, 

ivi = Ei vw i = Ei^)i = E 1^)1= E ( dim -°) 2 ' ( 4 - 22 ) 



E-^ab q,ab 

((A,/x*);p)e£;a,f> 

dim p 



E «5^>»s^ E Eis7^"° s k>.)^k>b) 

(A,At*)e£(a; A )n£(aj J j) p6lrr(S(/Lt)) a,6 1 vry 1 (4./d) 

W A(A,/i*) W B(A, M *) X °u A u> B 

5 



AB 



where we used the fact that u^lua = ^x^b in C G implies uja = ^b in C. 

Using the form given in (j4.19j) together with the formula f)4. 18j) . one can calculate the 
overlap of two boundary states \A) and \B) in the following way, 

(B\& H -\A)= E E E Ht^yA,^ ^ ^-xS.) (?) 

E EE *b('(A,m*);p)*2l((a,m*);p) E ^tf(M Xjv( ^ 



E EE 

((A,/Lt*);p)e£ a . fe 6 ' ivei o(m;p) 



(4.24) 



E E EE^);P)^'<P)(^)<^) ; ,)X.(g). 
Nei ((\,fj,*);p)ei a ^ b a ' b ' 
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Comparing this with eq. ()4.12j) . we obtain the following expression for the overlap matrix n^, 



( WAQ®- - -® WAQ ) 

((A, M «);p)G£ ' " ' 



(dim p) terms 



(4.25) 



This has exactly the same structure as eq. 1)3.20)) for the regular representation matrix N N , 
from which we have shown Nn satisfies the generalized fusion algebra. We can repeat the 
same thing here since the matrix \l/ is unitary from the assumption (J4.ll)) of completeness. 
For a unitary the above expression 1)4.25)1 for the overlap matrix means that is 
similar to a direct sum of b( /j;p )(iV). Since b( M;p )(iV) satisfies the generalized fusion algebra 
for all (/i; p) G X*, the matrix also satisfies the generalized fusion algebra. The mutual 
consistency of twisted boundary states requires that the coefficients {n^)A B of xn* in the 
cylinder amplitude take values in non-negative integers for all N G X. Hence we are led 
to the conclusion that the overlap matrix for a set of mutually consistent boundary 
states realizes a NIM-rep of the generalized fusion algebra J-'iA; G) if the condition (j4.11j) is 
satisfied. 



5 Examples 

As we have shown in the previous section, a consistent set of twisted boundary states in any 
modular invariant form a NIM-rep of the generalized fusion algebra. In this section, we check 
this for three concrete chiral algebras, u(l)k, su(3)k and su(3)f 3 , by explicitly constructing 
twisted boundary states for each case. 



5.1 u(l) k 

The simplest chiral algebra with non-trivial automorphisms is u(l)k, where the level k is 
a positive integer. There are 2k irreducible representations labeled by positive integer n 
mod 2k, 

J={(7i)|n=0,l,...,2Jfe-l}, (5.1) 
for which the modular transformation matrix takes the form 

S mn = ^=e-^ mn . (5.2) 
\J2k 



Therefore, for the charge-conjugation modular invariant, we have 2k untwisted boundary 
states, 

\m) = y^ j S mn \(n,n*))) (me 2). (5.3) 

The charge-conjugation u c is an automorphism of w(l)fe, which acts on X as 

u c : {n) ^ (n*) = (-n) = (2k - n) (n G X) . (5.4) 
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There are two representations fixed by cj c , 



J( Wc ) = {(0), (A;)}. (5.5) 
Corresponding to this, we have two twisted boundary states, which we denote by |±), 

\±) = ^=(\(0,0);u c )) ±\(k,k);cu c ))) . (5.6) 

The overlap of |±) with the untwisted state |0) yields the character x± of the twisted chiral 
algebra w(l)£ c (see ea. <|23E|l ). 

xi(ff) = (o|# He |±) = -^(xSf(g)±x5f(ff)), (5-7) 

where Xn c is the twining character of (n) for tu c . From this equation, one obtains the modular 
transformation matrix S^ 

s ~ = 71 -i) ' (5 ' 8) 

where the rows and the columns are ordered as X Wc = {+, — } and T(u c ) = {0,k}, re- 
spectively. Since u' 1 = u c and S Wc is real, the relation ()2.59j) implies that the twisted 
representations (±) G X Wc are self-conjugate, (±*) = (±). 
Using these data and the formula (see eq. (|2.6U|) ) 

(L*\q^\M) = (L) x (M) = J2^M N XN(q) (L, M G X) , (5.9) 

vex 

one can determine the generalized fusion coefficients Mlm N for the chiral algebra u(l)k and 
the automorphism group G c = {1,uj c } = Z 2 . The result is as follows, 

(I) x (m) = (I + m) , 

,s , s , ^ „s U±) (1 = mod 2) 
(I x ± = ± x / = , 

I (t) (Z = 1 mod 2) (5.10) 
(+) x (+) = (-) x (-) = (0) + (2) + ■ ■ • + (2k - 2) , 
(+)x(-) = (-)x(+) = (l) + (3) + ... + (2*-l), 

where (/), (to) G X and (±) G X Wc . This defines the generalized fusion algebra T(u(l)k\ G c ) 
for G c = {1,uj c } = Z 2 . As is easily seen, this algebra is generated by (1) and (+). Hence 
!F(u(l)^ G c ) is an extension of the ordinary fusion algebra JF(w(l) fc ), which is the group 
algebra of Z 2/ t, by the twisted representation (+). Note that !F(u(l)k] G c ) is commutative, 
(L) x (M) = (M) x (L), reflecting the fact that the automorphism group G c = Z 2 is abelian. 



We next turn to the case of modular invariants other than the charge- conjugation one and 
check that the associated boundary states form a NIM-rep of the generalized fusion algebra 
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(|5.10p . We consider two simple current extension of k = 4 and a non-diagonal 

invariant of k = 6. 



For k = 4, we have the following block-diagonal invariant 

Z = \xo + Xi\ 2 + \X2 + Xe\ 2 , (5.11) 

which is a simple current extension of 1/(1)4 by (4) G X. The chiral algebra of the 
extended theory is u(l)i and each block corresponds to an irreducible representation of 
u(l)i. Since there are two irreducible representations for u(l)i, we have two untwisted 
boundary states that keep w(l)i (see eq.(JS3|)) 

-L(|(0',0')))±|(1M')))), (5.12) 

where we distinguish representations of w(l)i from those of 1/(1)4 by putting a prime. Since 
1/(1)1 contains 1/(1)4 as a subalgebra, we can regard these states as untwisted boundary states 
of 14(1)4 associated with the modular invariant ()5.11|) . From the branching rule 

(0') = (0) © (4) , (1') = (2) © (6) , (5.13) 

and our normalization ()2.7|) for Ishibashi states, we can express Ishibashi states of i/(l)i by 
those of 14(1)4, 

l(0',0'))) = ^(|(0,0))) + |(4,4)))), |(l',l')» = ^(1(2,2*))) + 1(6,6*)))). (5.14) 
Substituting this into eq. (|5.12J) . we obtain two untwisted boundary states of 1/(1)4, 



|6> = i(|(0,0))> + |(4, 4)))) + ~(|(2,2*))) + |(6, 6* 
|2> = |(i(0,0)» + |(4, 4)))) -I(|(2, 2*))) + |(6, 6* 



(5.15) 



Since there are four untwisted Ishibashi states in (j5.11j) . 

f(l) = {(0,0),(2,2*),(4,4),(6,6*)}, (5.16) 

we need two more boundary states for completeness. The remaining two can be constructed 
by, e.g., the fusion with representations of the unextended chiral algebra [211121 HZ] • (See 
|2Ij for a detailed exposition of this procedure.) The result is as follows, 

|1> = k(0,0)» - 1(4,4)))) - £(|(2,2*)» - |(6,6*)))) , 

2 2 (5.17) 

|3) = 2 (1(0,0))) -|(4, 4)))) + 1(|(2, 2*))) -|(6, 6* 
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Consequently, the boundary state coefficients \I/ for untwisted boundary states associated 
with (j5.11j) take the following form 



^ = - 





(I 1 


1 1 \ 


1 


1 -i 


-1 % 


2 


1 -1 


1 -1 




V * 


-1 -i) 



(5.1J 



where the column is ordered as in (j5.16|) . 

The restriction of the charge- conjugation of u(l)\ to the subalgebra w(l)4 is clearly the 
charge-conjugation of 14(1)4. In other words, the charge-conjugation of w(l)4 has a lift to the 
extended chiral algebra u{l)\. (The lifting of automorphisms for RCFTs is studied in [2*5j.) 
This enables us to construct twisted boundary states of u{l)± starting from those of u(l)\. 
Since two representations of w(l)i are fixed by the charge-conjugation, we have two twisted 
boundary states of w(l)i, 



V2 



(|(o',o')^ c >>±|(i',i');^>>) 



(5.19) 



This is completely the same form as the untwisted states. Hence one can proceed in the 
same way as the untwisted states to obtain four twisted states of ^(1)4. The boundary state 
coefficients ty Wc of twisted states coincide with \1/ given in ()5.18|) with the spectrum 



£(cu c ) = {(0,0),(6,2*),(4,4),(2,6*)} 



(5.20) 



instead of £(1). 

From these data, one can calculate the mutual overlap of boundary states and the asso- 
ciated open string spectrum n defined in (J4.13|) . Since we have 4 + 4 = 8 boundary states, 
n is a 8 x 8 matrix and takes the form 



ni 



in 



O 



o 

(n (4)y 



(/ = 0,1,...,7), n ± 



O n± 
n ± O 



(5.21) 



where O is a 4 x 4 matrix with all entries being and rii ± are defined as 



(4) 



/o 1 0\ 

10 

1 

\1 0/ 



n+ 



/l 1 0\ 
10 1 
10 10 

\0 1 1/ 



7?_ 



/0 1 1\ 
10 10 
10 1 

\1 1 0/ 



(5.22) 



One can confirm that these 10 matrices actually satisfy the generalized fusion algebra ()5.10|) 
for k = 4, namely, 



riirij 



n + n + = n + n 2 + h± + n 6 . 



(5.23) 



The boundary states associated with the simple current extension ()5.10j) therefore realize a 
NIM-rep of the generalized fusion algebra JF(ii(l) 4 ; G c ). Note that this 8-dimensional NIM- 
rep is distinct from the regular one, which is 8 + 2 = 10 dimensional. Hence we have obtained 



33 



r7 i 1 2 i I 1 2 i I 1 2 i I 1 2 i I 1 2 i I 1 2 

Z=\Xo\ +\X2\ + \xA +\X6\ +\X8\ +\Xw\ 



two NIM-reps of ^"(7/(1)4; G c ); one of them corresponds to the charge-conjugation invariant 
whereas the other originates from the block diagonal invariant 1)5. 

Since the generalized fusion algebra contains the ordinary fusion algebra as a subalgebra, 
one can decompose a NIM-rep of the former into NIM-reps of the latter. Conversely, several 
NIM-reps (more precisely, \G\ NIM-reps) of the ordinary fusion algebra may be combined 
to yield a NIM-rep of the generalized fusion algebra. For 1/(1)4, there are four NIM-reps of 
the ordinary fusion algebra !F(u(l)4) corresponding to four subgroups of the simple current 
group Z 8 [7j. Two of them, the regular NIM-rep and the two-dimensional one, form the 
regular NIM-rep of the generalized fusion algebra. The four- dimensional one ()5.18j) is paired 
with itself to form a 8-dimensional NIM-rep of the generalized fusion algebra, as we have 
seen above. The remaining one, which is one-dimensional and unphysical, is also paired with 
itself to yield a two-dimensional NIM-rep of the generalized fusion algebra. Consequently, 
there are three NIM-reps for the generalized fusion algebra JF(m(1) 4 ; G c ); two of them are 
physical and correspond to the charge-conjugation modular invariant and the simple current 
extension 1)5.10)) . respectively, while the remaining one is unphysical and has no associated 
modular invariant. 

k = 6 

For k = 6, we have the following non-diagonal invariant, 

I Vinl 2 

_ _ _ _ (5-24) 

+ XlX7 + X3X9 + XbXu + X7Xl + X9X3 + XuXs , 

which is the Z 2 -orbifold of u(l) e . Let \m) (m G X = {0, 1, 2, • • • ,11}) be the untwisted 
boundary state in the charge- conjugation modular invariant of u(l)e defined in (15. 3 j) . The 
orbifold action on \m) reads \m) \— > \m+6), and the untwisted state in (J5.24)) can be obtained 
by averaging \m) over the Z 2 -orbit, 

|m) Z2 = i=(|m) + |m + 6)) = i= £ e~f m "|(2n, 2n*)» . (5.25) 

* * ra=0,l,...,5 

The o; c -twisted boundary states in ()5.24j) can be constructed as the untwisted states in the 
Z3-orbifold of u(l)6, since the Z3-orbifold is the T-dual of (j5.24j) . The untwisted states in 
the Z 3 -orbifold are obtained by averaging \m) over the Z 3 -orbit, 

|m)z 3 = -i={\m) + |m + 4) + |m + 8)) = l - ^ e"^ mn |(3n, 3n*))) . (5.26) 

* n=0, 1,2,3 

The a; c -twisted states in the Z 2 -orbifold ()5.24j) . which we denote by |m; uj c )% 2 , are constructed 
by acting u c on the holomorphic sector of \m)z 3 , 

\m-LJ c ) Z2 = R(u c )\m) Z3 = - e-^ mn \(12-3n,3n*)-u; c )). (5.27) 

n=0,l,2,3 



34 



In this way, we obtain 6 untwisted states and 4 twisted states in (|5.24|) . The overlap matrix 
h is a 10 x 10 matrix and takes the form, 



0( 6 > 4 ) 



n 



(I 



0,1, 



11), n ± 



0(6,6) 



Hi 



77 ± 



(5.28) 



where nj 4 is defined in ()5.22|) . 0( Tn > n ) is a m x n zero matrix and the other matrices are 
defined as 



n 



(6) 



/o 






V 





1 








o\ 





1 



77.4 



/l 



1 



1 



o\ 
1 



1 





77 _ 



/o 
1 



1 



V 



1\ 



1 



1 



(5.29) 



One can easily check that these matrices satisfy the generalized fusion algebra 1)5.10)1 for 
k = 6. 

The simple current group of u(1)q is isomorphic to Z 12 . Hence we have 6 NIM-reps of the 
ordinary fusion algebra J-(u(l)e) corresponding to 6 divisors {1, 2, 3, 4, 6, 12} of 12 [Jj. In the 
same way as the case of k = 4, two of them, the regular and the two-dimensional ones, form 
the regular NIM-rep of the generalized fusion algebra JF(u(1) 6 ; G c ). NIM-reps of dimension 6 
and 4 are combined to yield another NIM-rep of JF(m(1) 6 ; G c ) associated with the Z 2 -orbifold 
(or equivalently, the Z 3 -orbifold) of u(l) 6 , as we have shown above. In contrast with the 
case of k — 4, however, the remaining two NIM-reps of dimension 1 and 3 can not form 
a NIM-rep of .F^l^; G c ). Actually, one can show that the overlap matrices h containing 
the one-dimensional NIM-rep of ^(u^)^) as a factor and satisfying the generalized fusion 
algebra J-"(u(1)q] G c ) necessarily have non-integral entries and can not be a NIM-rep. The 
case of the three-dimensional NIM-rep is shown in the same way. Consequently, we have 
two NIM-reps of JF(m(1) 6 ; G c ), one of which corresponds to the charge-conjugation (or the 
diagonal) invariant while the other is associated with the Z 2 -orbifold (or its T-dual) of 77(1)6- 



5.2 su(3)k 

Our next example is su(3)k with the charge- conjugation u c as an automorphism of the chiral 
algebra. Since the automorphism group G c = {1, u c } consists of two elements, we can expect 
that two NIM-reps of the ordinary fusion algebra jF(s7i(3)fc) are combined to yield a NIM-rep 
of the generalized fusion algebra jF(s7i(3)fc; G c ). We check this for the case of k = 3 and 
k = 5, in which there are respectively four and six independent NIM-reps of J-(su(3)k). We 
present here only the outline of our analysis and give the details in Appendix iBl 

k = 3 

For k = 3, there are four NIM-reps 

(^(6)^(6)^^(6) and £,(6)* 8) of the or( iinary fusion 
algebra ^-"(577(3)3) [ITU |2j. Two of them, and A^*, correspond to respectively the 
8 The superscript stands for the sum k + h y = k + 3, where 7i v is the dual Coxeter number of su(3). 
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untwisted and the twisted boundary states in the charge-conjugation modular invariant 
and constitute the regular NIM-rep of the generalized fusion algebra JF(sm(3)3; G c ). The 
remaining two, L> (6) and L> (6) *, express respectively the untwisted and the twisted boundary 
states corresponding to the following block diagonal modular invariant, 

ZdW = IX(o,o) + X(3,o) + X(o,3) I 2 + 3|X(i,i) | 2 , (5.30) 

which is a simple current extension of su(3)3 by (3,0). Here the subscripts of characters 
denote the Dynkin label of su(3). The extended chiral algebra of this invariant is so(8)i 
and one can construct the boundary states associated with 1)5.30)1 using the data of so(8)i. 
Actually, as is shown in Appendix El the automorphism group G c has a lift G c to so(8), 
which is isomorphic to the symmetric group Accordingly, the boundary states for 
and Z}( 6 )* are obtained by the G c -twisted states in so(8). By an explicit calculation of 
the overlap of the twisted states with the untwisted ones in su(3), we can show that two 
NIM-reps, and D^>, of .F(su(3) 3 ) form a NIM-rep of .F(s<u(3) 3 ; G c ). In this way, four 
NIM-reps of the ordinary fusion algebra JF(su(3) 3 ) are organized into two NIM-reps of the 
generalized fusion algebra JF(su(3) 3 ; G c ); one corresponds to the charge-conjugation modular 
invariant while the other is originated from the simple current extension (j5.30j) . 

k = 5 

For k = 5, there are six NIM-reps (A®, A®*, £> (8) , D®*, E® and £ (8) *) of the ordinary 
fusion algebra J r (su(3) 5 ) [13 121- Similarly to the case of k = 3, A^ and A^* express the 
boundary states in the charge-conjugation invariant and form the regular NIM-rep of the 
generalized fusion algebra J r (su(3)^; G c ). The remaining four correspond to other modular 
invariants. Two of them, and D^*, represent the boundary states in the simple current 
invariant 

Z D (S) = |X(0,0)| 2 + |X(1,1)| 2 + |X(2,2)| 2 + |X(3,0)| 2 + |X(0,3)| 2 + |X(4,1)| 2 + |X(1,4)| 2 

+ (X(5,o)X(M + X(3,i)X(i^y + X(i,2)X(2j) (5.31) 

+ X(2,3)X(0,2) + X(2,0)X(3,2) + X(0,4)X(1,0) + X(0,1)X(4,0) + C.C ) , 

while and E^* correspond to the exceptional invariant 

%EW = |X(0,0) + X(2,2) I 2 + |X(0,2) + X(3,2) I 2 + |X(1,2) + X(5,0) ? , g ^ 

+ |X(3,0) + X(0,3)| 2 + |X(2,1) + X(0,5)| 2 + |X(2,0) + X(2,3)| 2 , 

which originates from the conformal embedding sm(3)s C su(6)i. 

The invariant (|5.31j) is the Z 3 -orbifold of su(3)s and we can obtain untwisted states by 
averaging the Z 3 -orbit of untwisted states in the charge-conjugation invariant. On the other 
hand, the twisted states in the charge-conjugation invariant are fixed points of the orbifold 
action and we need an appropriate resolution of them by the Ishibashi states from the twisted 
sector of the orbifold to obtain twisted states in (j5.31|) . For the invariant (|5.32j) . one can 
construct twisted boundary states from the data of su(6), since the charge-conjugation of 
su(3) is lifted to that of su(6). One obtains six untwisted states together with two twisted 
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states using the data of su(6). The remaining states of E^ and E^* can be obtained by, 
e.g., the fusion with representations of su(3). 

From the explicit form of boundary states in (|5.31|) and ([5.32)1 . we can calculate the 
overlap of twisted states with untwisted ones to show that two NIM reps of !F(su(3)5) cor- 
responding to the same modular invariant form a NIM-rep of JF(sm(3)s; G c ). Consequently, 
we obtain three NIM-reps of the generalized fusion algebra JF(sm(3)5; G c ) corresponding to 
three modular invariants available for k = 5. 



5.3 sw(3)f 

The final example we consider is su(3)® 3 = su(3)i © su(3)i © su(3)j. The details are 
given in Appendix O This chiral algebra has the automorphism group consisting of all the 
permutations of three factors, which is isomorphic to S3, and we obtain a non-commutative 
generalized fusion algebra J r (su(3)f 3 ;S 3 ). For the chiral algebra sw(3)® 3 , we have a non- 
trivial block-diagonal modular invariant 

Z Ee = |X(0,0,0) + + X(2,2,2) I 2 , g 

+ |X(0,2,1) + X(l,0,2) + X(2,l,0)| 2 + |X(0,1,2) + X(2,0,l) + X(l,2,0)| 2 , 

where the subscripts stands for the label of representations of sw(3) 03 and the numbers 
0, 1, 2 correspond respectively to the fundamental weights Ao, Ai, A2 of su(3)\. This invariant 
originates from the conformal embedding sw(3)f 3 C Eq^. 9 Since the automorphism group 
S3 of sw(3)® 3 has a lift to E e> i, we can construct twisted boundary states for S 3 [TTJ m 
this invariant. In the same way as the case of su(3)k, we can calculate the overlap of twisted 
states to check that the overlap matrices indeed form a NIM-rep of the generalized fusion 
algebra F(su(3)f 3 ; S3). 



6 Graph fusion algebras 

Given a boundary state coefficient matrix ^ a \(oi G V, A G S) 10 and G V such that \1/oa 7^ 0, 
one can define the graph fusion algebra 12] 

{ot)x(p) = Y,Gaf?(rt) (a,/?GV) (6.1) 
with the structure constant 



13 -2^ — ^ — • (6 - 2) 

Since this has the same form as the Verlinde formula (|3.1)l , one can consider the graph fusion 
algebra as a generalization of ordinary fusion algebras. Actually, for the case of boundary 
states associated with a block diagonal invariant, it is observed [TOJ that the graph fusion 
algebra contains the fusion algebra of the extended theory as a subalgebra. 

9 i?6,i means E§ at level 1. 

10 In this section, we omit the label for the anti-holomorphic sector of Ishibashi states for simplicity. 
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For the case of simple current extensions, this relation of graph fusion algebras and 
the fusion algebra of the extended theory can be explained from the point of view of the 
generalized fusion algebra. As an illustration, we consider the D-type modular invariant of 

su(2) 4 , 

Z = |Xo + X4| 2 + 2|x 2 | 2 , (6.3) 

where the subscript stands for the Dynkin label of su(2). This invariant is obtained from 
a simple current extension of sw(2) 4 by the simple current group T = {(0), (4)} = Z2. The 
extended chiral algebra is su(3)i and one can regard ()6.3|) as the charge-conjugation invariant 
of s«(3)i 

Z = |X(o,o)| 2 + |X(i,o)| 2 + |X(o,i)| 2 > ( 6 - 4 ) 
where representations are again denoted by their Dynkin labels. One obtains ()6.3|) from 
(16 .4 J) using the branching rule for the representations of su(3)\ 

(0,0) = (0)©(4), (1,0) = (2), (0,1) = (2). (6.5) 

The unextended chiral algebra in simple current extensions can be characterized by the 
fixed point algebra of a certain automorphism group G of the extended chiral algebra jHj, 
where G is the character group for the simple current group T used in the extension and 
hence isomorphic to T; G = T* = T. For the case of sw(2) 4 C sw(3)i, G is nothing but 
the charge-conjugation automorphism group G c of su(3)\, since sw(2) 4 is the fixed point 
algebra of the charge-conjugation u c . The eigenvalue of u c is ±1, since u c has order 2. The 
vacuum representation of su(3)i is therefore decomposed into two parts according to the 
eigenvalue of u> c . Since u c fixes sw(2) 4 C su(3)i, this decomposition of (0,0) coincides with 
the decomposition ()6.5)1 into representations of sit(2) 4 . The representation (0) is su(2) 4 itself 
and corresponds to uj c = 1. The representation (4) contains the highest root of su(3), whose 
sign is reversed under the exchange of two simple roots of su(3), i.e. the charge-conjugation 
uj c . The representation (4) therefore corresponds to u c = —1, 

cu c : (0) 1 ► (0) , (4) ^ -(4) . (6.6) 

From this action, one can express the Ishibashi states of su(3)i in terms of those of sw(2) 4 
as follows, 

1(0,0))) = i=(|0» + |4») , |(0, 0);o; c » = -L(|0» - |4») , (6.7) 
where we have used the definition ()2.32|) of twisted Ishibashi states. Conversely, one obtains 

|0)) = ^(|(0,0))) + |(0,0);^))) = |((0,0);+))), 



^(|(0,0)»-|(0,0); Wc )» = |((0,0);-)» 



(6.J 



where ± stands for the irreducible representations of G c = {1, u c } = Z2. The remaining two 
representations of su(3)i have the trivial stabilizer £((1,0)) = <S((0, 1)) = {1} and we have 
only one basis for each of them 

|2 a » = |(l,0)», |2 2 » = |(0, 1)» . (6.9) 
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= s= -= 



2 71! 



e~ ). (6.10) 



We have distinguished two bulk fields with representation (2) in ()6.3|) by putting the sub- 
script. 

In this way, the basis (j4.1j) of twisted Ishibashi states in sw(3)i can be regarded as the 
(untwisted) Ishibashi states of sw(2) 4 . This implies that the regular states (|4.5jl of the 
generalized fusion algebra J 7 {su{3)x 1 G c ) yield a complete set of boundary states in (|6.3jl . 
whose coefficient matrix \1/ is given by the generalized ^-matrix (|3.11|) 

/ 1 1 y/2 y/2\ 

1 1 V2k y/2R 
1 1 V2R V2k 
\V3 -V3 / 

Here the columns are ordered as {((0, 0); +), ((0, 0); — ), (1, 0), (0, 1)}. The first three rows 
correspond to three representations {(0, 0), (1, 0), (0, 1)} of su(3)i, respectively, while the 
fourth row stands for the representation of the twisted chiral algebra A 2 at level 1. The 
boundary states of ()6.3j) that preserve su{2)± are therefore labeled by L G X for the gener- 
alized fusion algebra JF(sm(3)i; G c ). 

The structure constants (|fi.2j) of the graph fusion algebra associated with ^ is defined 
by summing over the column indices of Since \& = S in the present case, this is nothing 
but the generalized Verlinde formula (j3.14|) if we choose (0,0) G X as the node in (|6.2|) . 
Namely, the structure constants of the graph fusion algebra are given by the generalized 
fusion coefficients of JF(sw(3)i; G c ), 

G LM N =Mlm N ■ (6.11) 

The graph fusion algebra associated with ()6.3j) therefore coincides with the generalized fusion 
algebra !F(su(3)i;G c ). Since the generalized fusion algebra contains the ordinary fusion 
algebra as a subalgebra, this identification of the graph fusion algebra with the generalized 
fusion algebra naturally explains the observation that the graph fusion algebra contains the 
fusion algebra of the extended theory as a subalgebra. 

This argument for the relation of graph fusion algebras with the generalized fusion al- 
gebras of the extended theory is readily extended to simple current extensions other than 
sw(2) 4 C su(3)i. For instance, the case of su(3)z C so(8)i in (15.30}) can be treated in 
completely the same way. 

First, we give the branching rule for the representations ()2.63|) of so(8)i, 

= (0,0)0(3,0)0(0,3), V=(1,0), S= (1,0), C=(1,0). (6.12) 

As is shown in Appendix El the unextended chiral algebra sw(3)3 is characterized as the 
fixed point algebra of an automorphism group (n') = Z 3 of so(8)i. Since it' has order 3, the 
eigenvalue of n' takes the form n n (k = ;n = 0, 1, 2). The decomposition ()6.12j) of the 
vacuum representation O of so(8)i into those of sw(3) 3 corresponds to the decomposition 
according to the eigenvalue of it', since tt' fixes su(3)^. From the explicit realization of 
su(3)3 C so(8)i given in Appendix^! one can show that n' acts on the vacuum representation 
O of so(8)x as follows 

n' : (0, 0) ^ (0, 0) , (3, 0) ^ k(3, 0) , (0, 3) i-> «(0, 3) . (6.13) 
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The twisted Ishibashi states of so(8)i are then expressed in terms of the (untwisted) Ishibashi 
states of su(3)s, 



|0» = ^(|(0, 0)»+ |(3,0))> + |(0, 3)»), 
|O;7r')) = ^(|(0,0))) + K|(3,0))) + K|(0,3)))), 
|O;vr' 2 )) = i=(|(0,0))) + «:|(3,0))) + K|(0,3)))), 



(6.14) 



where we have used again the definition (|2.32j) of twisted Ishibashi states. From this expres- 
sion, one obtains 



(6.15) 



where p' n (n — 0, 1, 2) are the irreducible representations of (tt') defined as p' n (n') = k 2u . The 
other three representations of so(8)i have the trivial stabilizer {1} C (it 1 ) and we can relate 
the corresponding Ishibashi states with those of su(3)s as follows, 



1(0,0))) = 


^=(\o)) + \o-y)) 


±\o-y 2 ))) = 


\(O;p' ))), 


1(3,0))) = 


-L(\o}) + K \o-y)) 


+ k\0-<k' 2 ))) 


= \(0; P [))) , 


1(0,3))) = 


-L(\o)) + R\o-y)) 


+ k\0;tt' 2 ))) 


= \(0; p' 2 )}} , 



i(i,i)!)) = in, i(i,i) 2 )) = i5)), [(i,i) 3 » = 



(6.16) 



We have distinguished three bulk fields with representation (1, 1) in ()5.30|) again by putting 
the subscript. The six untwisted Ishibashi states of su(3)s are thus identified with the six 
twisted Ishibashi states of so(8)i for the automorphism group (it') = Z3. Hence the boundary 
states of sm(3) 3 associated with the modular invariant (j5.30|) are identified with the twisted 
boundary states of so(8)i for (tt') = Z 3 . 

Since it' is composed of the triality automorphism it and an inner automorphism of so(8)i, 
the twisted chiral algebra for tt is also isomorphic to the twisted affine Lie algebra D\ at 
level 1 and we have only one representation for tt' . The same argument holds for tt' 2 . The 
generalized fusion algebra JF(so(8)i; (tt 1 )) therefore consists of 4 + 1 + 1 = 6 representations. 
From the definition (|3.11|) . one obtains its generalized S- matrix in the form 



S 





fl 


1 


1 


V3 




Vs\ 




1 


1 


1 


V3 


-Vs 


-Vs 


1 


1 


1 


1 


-V3 




-V3 


2\/3 


1 


1 


1 


-y/3 




>/3 




2 


2k 


2R 













\2 


2R 


2k 








/ 



(6.17) 



Here the columns are ordered as {(O; p' Q ), (O; p^), (O; p' 2 ), (V), (S), (C)}. The first four rows 
express respectively the untwisted representations O, V, S and C, while the last two rows cor- 
respond to representations in X 71 " and Z 71 " . This matrix gives the boundary state coefficients 
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for the regular states of JF(so(8)i; (tt')). Using the correspondence of Ishibashi states given 
in (jdl5|) and (jfi.lfij) . we can regard this as the boundary state coefficient matrix \P D (6) for 
the untwisted boundary states associated with f)5.30j) . The graph fusion algebra correspond- 
ing to *& D {6) is therefore identified with the generalized fusion algebra JF(so(8)i; (rr')). Since 
^-*(so(8)i; (7r')) contains the ordinary fusion algebra JF(so(8)i), which is the group algebra of 
Z 2 x Z 2 , the graph fusion algebra of *f? D (e) also contains it as a subalgebra. 

In the modular invariant (|5.3U|) . in addition to the untwisted boundary states, we have 
the twisted boundary states for the charge-conjugation automorphism group G c = {1,uj c } 
of sit (3)3. As is shown in Appendix 1X1 the automorphism group G c has a lift G c = (tt , ,o j ) 
to so(8)i, which is isomorphic to the symmetric group S3. Using this fact, we can construct 
the o; c -twisted states in (|5.30J) starting from the G c -twisted states of so(8)i. 

Since a' G G c is composed of the chirality flip and an inner automorphism of so(8)i, 
the twisted chiral algebra for a' is isomorphic to D± at level 1 and the generalized fusion 
algebra JF(so(8)i; G c ) has exactly the same form as .F(so(8)i; S3) presented in Section ESI 
Consequently, one obtains 12 twisted boundary states for G c , of which six states for (71"') = 
{1, 7r', 7r' } correspond to the untwisted states of sw(3)3 while the remaining six for the coset 
<j'{h') = {cr 1 ', 7rV ', 7r /2 cr'} are regarded as the c<j c -twisted ones, since the restriction of c'(ti'} 
to su(3)3 yields u c . For example, two er'-twisted states of so(8)i take the form 

-L(\0;a'))±\V;a'))). (6.18) 

The a'- twisted Ishibashi states of so(8)i can be expressed in terms of the u; c -twisted Ishibashi 
states of su(3) 3 , 

\0;a'))=R(a')\0}} = -Li2( We )(|(0,0)» + |(3,0)» + |(0,3)») 

= -L(|(0,0);^ c )) + |(0,3);w c » + |(3,0);w c )» , (6.19) 

\V;o')) = R(<t , )\V)) = R(u c )\(1,1) 1 )) = |(1, l)i; w c )). (6.20) 
Substituting these expressions into ()6.18|) . we obtain two u; c -twisted states of sw(3) 3 , 

-L(|(0,0);^ c » + |(3,0);w c )) + |(0,3);cu c » ± >/3|(l, l) l5 cu c ))) . (6.21) 

The case of ir'a' and 7r' 2 a' can be treated in the same way and we obtain four more u; c -twisted 
states, 

-^(|0;7rV))±|C;7rV>>) 

= i=(|(0, 0); u c )) + «|(3, 0); u c )) + k\(0, 3);u c )) ± Vs\(l, 1) 3 ; w c ») , (6.22) 
±={\0-y 2 a'))±\S-y 2 o'))) 

= -±=(|(0, 0); u c )) + «|(3, 0); w c » + «|(0, 3); u c )) ± V3\(l, 1) 2 ; w c ») . (6.23) 
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The u; c -twisted boundary states obtained in this way form a complete set of twisted states, 
since the number of the twisted boundary states is the same as the number |£(u; c )| of the 
twisted Ishibashi states available in f)5.30j) . The resulting boundary states have the following 
coefficient matrix 





(i 
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V3 
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-Vs 
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K 
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R 





-Vs 
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Vs 




V 1 


K 
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(6.24) 



where the columns are ordered as {(0, 0), (3, 0), (0, 3), (1, l)i, (1, 1)2, (1, 1)3}- This matrix 
^d(6)* realizes the D^* NIM-rep of the ordinary fusion algebra jF(s-u(3)s). By appropriately 
mixing three columns of ^d^)* corresponding to (1, l) n (n = 1, 2, 3), one can make the first 
row of ^! D (6)* consist of only non-vanishing entries. The graph fusion algebra for D^* is 
then constructed by taking the first row as the node 0. It would be interesting to relate this 
algebra with some generalized fusion algebra, possibly JF(so(8)i; G c ). 



7 Summary and Discussion 

In this paper, we have studied a consistency condition of boundary states satisfying the 
boundary condition twisted by an automorphism group G of the chiral algebra A and clarified 
the relation of twisted boundary states with the generalized fusion algebra. We have shown 
that the fusion coefficients of the generalized fusion algebra is expressed by a formula analo- 
gous to the Verlinde formula even for non-abelian cases and thereby determined irreducible 
representations of the generalized fusion algebra, which generalize quantum dimensions of the 
ordinary fusion algebras. For a non-abelian G, some irreducible representations have dimen- 
sion greater than 1 reflecting the fact that the generalized fusion algebra is non-commutative. 
Based on these results, we have shown that a consistent set of twisted boundary states forms 
a NIM-rep of the generalized fusion algebra. As a check of our argument, we have considered 
twisted boundary states in several models, which includes non-diagonal modular invariants 
as well as the case of non-abelian automorphisms. We have seen that several NIM-reps of 
the ordinary fusion algebra are organized into a single NIM-rep of the generalized fusion 
algebra. In particular, the D and E type NIM-reps of su(3)k (k = 3, 5) are paired with their 
counterpart D* and E*, respectively, to yield a NIM-rep of the generalized fusion algebra for 
the charge-conjugation automorphism group of su(3)k- Finally, we have given an argument 
that the graph fusion algebra associated with a simple current extension can be regarded as 
the generalized fusion algebra of the extended chiral algebra, which naturally explains the 
observation that the graph fusion algebra contains the fusion algebra of the extended theory 
as a subalgebra. 

Having obtained these results, a natural problem is the classification of NIM-reps of 
the generalized fusion algebra, which generalizes the corresponding problem U\ for the 
case of ordinary fusion algebras. These two problems are related with each other, since 
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the generalized fusion algebra contains the ordinary fusion algebra as a subalgebra and 
a NIM-rep of the former is decomposed into NIM-reps of the latter. More generally, if the 
automorphism group G of the chiral algebra A has a subgroup H C G, the generalized fusion 
algebra J 7 (A; G) has a subalgebra T{A\ H), and a NIM-rep of J 7 (A; G) is decomposed into 
NIM-reps of T{A\ H). On the other hand, as we have pointed out in Section lo~Tl there exist 
some unphysical NIM-reps of the ordinary fusion algebra !F(u(1)q) that are not originated 
from those of the generalized fusion algebra JF(m(1) 6 ; G c ). This example shows that not all 
of the NIM-reps for !F(A;H) can be obtained from those of J-(A;G). It is interesting to 
find other examples with this property and understand its significance. In particular, any 
relation with the notion of physical NIM-reps [7j would be desirable. 

The case of block diagonal modular invariants is of particular interest. In that case, the 
chiral algebra A has an extension A ex t and one can consider a lift of the automorphism group 
G of A to A cxt - If a lift G cxt of G exists, 11 one can construct G ext -twisted boundary states 
of the extended theory, which can also be regarded as G-twisted states of the unextended 
theory. This suggests that there is some relation between two generalized fusion algebras 
J-(A; G) and T(A ext ] G ext ). Indeed, for the case of simple current extensions, NIM-reps 
of J 7 (Aext',Gr ext ) can be considered as NIM-reps of !F(A;G), as we have seen in Section H3 
Probably, this correspondence of NIM-reps is a common feature of the cases in which the 
unextended chiral algebra A is characterized as the fixed point algebra of a certain automor- 
phism group H ext C G C xt of A ext - This is exactly the setting of the Galois theory for vertex 
operator algebras (see [2E| and references therein) and the mutual relation of generalized 
fusion algebras in such cases might be described also by the Galois theory. For exceptional 
invariants, however, the unextended chiral algebra A can not be obtained as the fixed point 
algebra for any automorphism group of A cx _t in general, and one would need another tool, 
such as the operator-algebraic methods [HHl ED E2] > for a deep understanding of the mutual 
relation of generalized fusion algebras associated with an exceptional invariant. 



11 This is actually an assumption. There is in general an obstruction to lifting the automorphism group G 
of A to the extended chiral algebra _4 0Xt (2B| • 
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A Algebra embedding su(3)s C so(S)i 



In this appendix, we give an explicit realization of the algebra embedding su(3)z C so(8)\ 
and show that the charge-conjugation automorphism group G c = {1,uj c } = Z 2 of su(3)3 has 
a lift G c to so(8)i, which is isomorphic to the symmetric group S3. 

The affine Lie algebra so(8)i can be expressed by four pairs of complex fermions ip i (i = 
1,2,3,4). The Cartan element Hi and the simple root E ai of so(8) have the form 

Hi = tfil>r, E°*=1>tfc, E a2 =i>£^, E^=^I, E^=^t- (A.l) 

The other roots are written as ipfipf or ipfipj with i ^ j. The subalgebra su(3) C so(8) 
with embedding index 3 can be realized as follows, 

Fx = A=(~Hi - 2H 2 + # 3 ) , H 2 = ^{H x + # 3 ) , 

E 1 =^1pt + ^4^2 + «V'M'> (A.2) 



4 ) 



4 ) 



where (i = 1,2) and E l (i = 1,2) stand for the Cartan elements and the simple roots of 
su(3), respectively. E e = [E 1 , E 2 ] is the highest root of su(3) and k = . The 28 elements 
of so(8) can be decomposed into irreducible representations of this su(3) as 28 = 8© 10© 10, 
where 10 (10) is the highest weight representation with the Dynkin label (3,0) ((0,3)) and 
contains ip^^t i^t^Pt) as the highest weight state. 

One can construct an automorphism of so(8) that fixes the su(3) subalgebra (jA.2|) from 
the triality of so(8). Let 7r be the triality automorphism of so(8), which generates an auto- 
morphism group (tt) = {l,7r,7r 2 } = Z3. The action of tc on the simple roots of so(8) reads 

7r : E ai 1 — > i?" 3 ^ i^ Q4 ^ £ ai , E a2 1 — > £ a2 , (A.3) 
which in turn implies the following action on the Cartan elements, 

? (A.4) 
H^-i^-Hz + Hz + Hi), 

H4 1— > ~ H 2 — — H A ) . 

The action on the other elements of so(8) can be determined by the commutation relations 
and one obtains 

7T : ^03 *-> ^4^2 ^ V»4 ^2" ^ V>Mr > ^2 ^ ^l^t ^ $1 ^4 ^ ^2^3 , ^ ^ 
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Here we give only the action on the positive roots; the action on the negative roots can be 
obtained by taking the hermitian conjugation of this equation. Since the order of 7r is 3, its 
eigenvalue is of the form K n (n = 0, 1,2), and so(8) is decomposed into the eigenspaces of 
7r as 28 = 14 © 7 © 7. The fixed point algebra of 7r has dimension 14 and coincides with 
G<i C so(8) with embedding index 1. 
7r acts on su(3) in (jA.2|) as follows, 

vr : E l ^ k E 1 , E 2 RE 2 , E 9 ^ E 9 , H ^ H . (A.6) 

Hence 7r almost fixes su(3). One can construct an automorphism n' fixing su(3) in the form 
7r' = Adft7T, where Ad^ is an inner automorphism J Adh{J) = hJh^ 1 with the element 
h = eT( ffl+ff2 ) g SO(8). From the action of Ad h on i/jf, 

Ad h : # >- ^Vf , ^ >- ^2 , V»s - V>3 , V>4 - ^4 , (A.7) 

one can readily check that 7r' = Adhir actually fixes su(3). Since Adh commutes with it and 
(Adh) 3 = 1, the automorphism n' has also order 3 and hence generates an automorphism 
group (n') — {1, 7r', 7r /2 } = Z 3 . The elements of so(8) are again decomposed according to the 
eigenvalue /t n (n = 0, 1, 2) of n' as 28 = 8© 10© 10, which coincides with the decomposition 
into irreducible representations of su(3) mentioned above. In this way, the su(3) subalgebra 
(|A.2|) is characterized as the fixed point algebra of the automorphism group (tt 1 ) = Z3 of 
so(8). 

The fact that su(3) in (|A.2|) is characterized as the fixed point algebra of n' implies that 
the identity automorphism of su(3) has a lift (it') = Z3 to so(8). One can show that the 
charge-conjugation automorphism u c of su{3) also has a lift to so(8). Consider the following 
automorphism o' of so(8), 

a' : V? >-> ^ , V>2 ^ V»f , ^ >-> V>3 > > ( A -8) 

which has order 2. This is an outer automorphism of so(8), since a' acts on eight real 
fermions as an element of 0(8) with determinant —1. This automorphism a' acts on su(3) 
in (|A.2J) as the exchange of two simple roots 

o' : E 1 i-> E 2 , i-> -£ e . (A.9) 

In particular, cr' keeps su(3) C so(8) invariant and can be restricted to su(3). Clearly, the 
restriction of a 1 to su(3) is the charge-conjugation u c of su(3). In other words, a 1 is a lift of 
io c to so(8). Together with it', o' forms a lift G c of G c = {l,u c }. By explicit calculations, 
one can show that a'lr'a'^ 1 = 7r /_1 , which means that G c = (ir',a') is isomorphic to the 
symmetric group S 3 ; the charge-conjugation automorphism group G c of su(3) C so(8) has a 
lift G c to so(8), which is isomorphic to S3. The restriction G c of G c can be identified with 
the quotient group of G c by the stabilizer of sit (3) C so(8) as G c / (7^) = S 3 /Z 3 = Z 2 . 

B Twisted boundary states for si^(3)^ 

In this appendix, we describe in detail the construction of twisted boundary states for the chi- 
ral algebra sit(3)fc (k = 3,5) and the charge-conjugation automorphism group G c = {l,u c }, 
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and check that the resulting boundary states realize a NIM-rep of the generalized fusion 
algebra JF(sw(3)fc; G c ). 

Let us first calculate the explicit form of the generalized fusion algebra J-(su(3)k] G c ) for 
k = 3 and 5. The set X of the irreducible representations of su(3)k reads 

J = PJM3)) = {A = (Ai, A 2 )|Aa + A 2 < k}. (B.l) 

The modular transformation matrix of the characters of these representations is given by 
the Kac- Peterson formula [32J. The charge conjugation uo c acts on X as 

^ c : (Ai,A 2 ) i ► (A 2 ,Ax). (B.2) 

(2) 

The corresponding twisted chiral algebra is the twisted affine Lie algebra A\ . Since its 

(2) 

horizontal subalgebra is so(3), the irreducible representations of A 2 are labeled by a single 
Dynkin label which we denote by A, 

.jw c = pfc(^( 2 )) = {A | 2A < k}. (B.3) 

The set T{oj c ) of representations fixed by u c reads 

l(oo c ) = {/2= (m,^) | 2//! < A;}. (B.4) 

The modular transformation matrix S Uc of the twisted representation A G X Wc takes the 
form jS21 

s v = 7ffi sm (Fr3 (Ul)(w + 1) )- < B - 5 > 

By using these data, one can construct untwisted and u; c -twisted boundary states com- 
patible with the charge conjugation modular invariant of su(3)k- The total number \I\ of 
boundary states is 

|j| = |I| + p*| = ; 10 + 2 = 12 for J = 3, } 
\ 21 + 3 = 24 for k = 5. v ; 

As we have shown in Section |21 the generalized fusion algebra jF(sw(3)fc; G c ), or equivalently 
the regular NIM-reps of JF(sm(3)a;; G c ), is obtained from the overlaps of these boundary states. 
We give only the part of T(su{?>)k, G c ) concerning the twisted representations. The part 
containing only the untwisted representations, i.e., the ordinary fusion algebra ^(su^k), is 
found in, e.g., 



k 



(A 1 ,A 2 )x(0) = (A 1 ,A 2 )x 

(l,l)x(0) = (0) + 2(l) 
(1, 1) x (1) = 2 (0) + (1) 



(0) (A 1; A 2 ) e {(0,0), (3,0), (0,3)}, 

(0) + (1) (Ax, A 2 ) e {(1, 0), (0, 1), (2, 0), (0, 2), (2, 1), (1, 2)}, 



(0) x (0) = (1) x (1) = ( A ^)' 

(Ai,A 2 )eJ 

(0) x (1) = (1, 0) + (0, 1) + (2, 0) + (0, 2) + (2, 1) + (1, 2) + 2 (1, 1). 

(B.7) 
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k = 5 

(Aa, A 2 ) x (A) = (A) (Ai, A 2 ) G {(0, 0), (5, 0), (0, 5)}, A G = {0, 1, 2}, 

(0) = (0) + (1) 

(Ai, A 2 ) x { (1) = (0) + (1) + (2) (Ai, A 2 ) G {(1, 0), (0, 1), (4, 0), (0, 4), (4, 1), (1, 4)}, 

(2) = (1) + (2) 
(0) = (0) + (1) + (2) 

(A 1; A 2 ) x { (1) = (0) + 2(1) + (2) (Ax, A 2 ) G {(2, 0), (0, 2), (3, 0), (0, 3), (3, 2), (2, 3)}, 

(2) = (0) + (1) + (2) 
(0) = (0) + 2 (1) + (2) 
(Ai, A a ) x { (1) = 2 (0) + 2 (1) + 2 (2) (A 1; A 2 ) G {(1, 1), (3, 1), (1, 3)}, 
(2) = (0) + 2 (1) + (2) 

(0) = (0) + 2(l) + 2(2) 
(Ai, A 2 ) x { (1) = 2 (0) + 3 (1) + 2 (2) (A 1; A 2 ) G {(2, 1), (1, 2), (2, 2)}, 
(2) = 2(0) + 2(1) + (2) 

(0) x (0) = (2) x (2) = J2 ( Al ' A2 )> 

(Ai,A 2 )eJ 

(1) x (1) = (0, 0) + (5, 0) + (0, 5) + (1, 0) + (0, 1) + (4, 0) + (0, 4) + (4, 1) + (1, 4) 

+ 2 ((2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) + (1, 1) + (3, 1) + (1, 3)) 

+ 3 ((2,1) + (1,2) + (2, 2)), 

(0) x (1) = (1) x (2) = (1, 0) + (0, 1) + (4, 0) + (0, 4) + (4, 1) + (1, 4) 
+ (2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) 

+ 2 ((1, 1) + (3, 1) + (1, 3) + (2, 1) + (1, 2) + (2, 2)) , 

(0) x (2) = (2, 0) + (0, 2) + (3, 0) + (0, 3) + (3, 2) + (2, 3) + (1, 1) + (3, 1) + (1, 3) 

+ 2 ((2,1) + (1,2) + (2, 2)). 

(B.8) 

B.l sw(3) 3 

The modular invariant 

Z D (6) = |x( ,o) + X(3,o) + X(o,3) | 2 + 3|x(i,i) I 2 (B.9) 

is a simple current extension of su(3)3 by (3, 0) and the corresponding extended chiral algebra 
is so(8)\. As we have shown in Sectional the twisted boundary states for the automorphism 
group G c are obtained from those for G c , a lift of G c to so(8)i. The resulting boundary 
state coefficients are given in ()6.17j) and ()6.24|) . The set V of all the twisted boundary states 
consists of 12 elements 

|V| = |V| + |V Wc | = 6 + 6 = 12. (B.10) 
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By calculating the overlaps of these 12 boundary states, we obtain a set of 12 x 12 matrices 
{fix \N <E 2} defined in ()4.12|) . These matrices turn out to be non- negative integer valued. 
The explicit form is as follows, 



n (o,o) 

"(1,0) 

"(1,1) 

n (0 ) = 



"(3,0) = "-(0,3) 
71(0,2) = 71(2,1) 

( O 

o qI 

Qo O 
O Q T X 
Qi O 



n 



I O 
O I 

T 

(0,1) 



n 



(2,0) 



n 



(1,2) 



Q O 
O gf 



(B.11) 



where the first six rows and columns stand for the states of ^^(e) in (|6.17j) and the last six 
for those of \p£)(6)* in ()6.24j) . O and / are the 6x6 zero and the unit matrices, respectively, 
and the other matrices are defined as 
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(B.12) 



Qo 



One can check that these matrices n form a NIM-rep of JF(sm(3)3; G c ) defined in (jB.7|) . For 
example, h satisfies the following relation 



(B.13) 



71(1,1) 7l(o) = 71(0) + 2 77,(1), 71(1,1) %) = 2 n (0 ) + fl (1) , 

"(0) 71(1) = 71(1,0) + "(0,1) + "(2,0) + "(0,2) + 71(2,1) + 71(1,2) +2^,1), etc. 

In this way, two NIM-reps, and D^* , associated with the simple current modular invari- 
ant (|B.9j) are combined to yield a NIM-rep of the generalized fusion algebra JF(sm(3)s; G c ). 
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B.2 sw(3) 5 

We next turn to the construction of twisted boundary states associated with a non-trivial 
modular invariant of sm(3)s and check that the resulting boundary states realize a NIM-rep 
of the generalized fusion algebra JF(su(3) 5 ; G c ). 



B.2.1 The case of Z E w 

We first consider the exceptional modular invariant of su(3)5, 

^£(8) = |X(0,0) + X(2,2)| 2 + |X(0,2) + X(3,2)| 2 + |X(1,2) + X(5,0)| 2 
+ |X(3,0) + X(0,3)| 2 + |X(2,1) + X(0,5)| 2 + |X(2,0) + X(2,3)| 2 • 



(B.14) 



This invariant is originated from the charge conjugation modular invariant of sit (6)1 through 
the conformal embedding su(3)^ C su(6)i, in which the representations of sw(6)i branch to 
those of sm(3)5 as follows, 



Ao-(0,0)©(2,2), 
Ai (0,2)0(3,2), 
A 2 ^ (1,2)0(5,0), 
A 3 ^(3, 0)©(0, 3), 
A 4 ^ (2,1)0(0,5), 
A 5 ^ (2,0)0(2,3). 



(B.15) 



In the modular invariant (|B.14|) . there are twelve untwisted Ishibashi states available, 12 

S = {(0, 0), (5, 0), (0, 5), (2, 2), (1, 2), (2, 1), (3, 0), (2, 3), (0, 2), (0, 3), (2, 0), (3, 2)}. (B.16) 

Correspondingly, we have twelve untwisted boundary states. Six of them are identified with 
the untwisted states of sm(6)i and the other six states are generated by using the fusion with 
the representations of stt(3)s. The resulting boundary state coefficient matrix ^ E (8) takes 
the following form 

faiK a 2 K K K \ 



where a\ = V2 



sin 



B(8) 



2-V2 



1 

" 2 
a 2 ■■ 



a x K a 2 K -K -K 
a 2 K —a\K iK —%K 
\a 2 K -a x K -iK iK J 



(B.17) 



V2 



cos • 



2+ 2 v/2 " and the matrix K is defined as 




(B.18) 



12 For simplicity, we omit in this appendix the label for the anti-holomorphic representation of Ishibashi 
states. 
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Here the columns of are ordered as in (jB.16|) . The first six rows correspond to the 

states of the sw(6)i theory. One can check that these untwisted states yield the NIM-rep 
of the ordinary fusion algebra JF(sm(3) 5 ). 

The labels of the available u; c -twisted Ishibashi states are obtained from (|B.14j) . 

£(^ = {(0,0), (2, 2), (0,3), (3,0)}. (B.19) 

As is seen from the branching rule (|B.15|) . the charge conjugation uo c can be lifted to the 
charge conjugation cJ c of sw(6)i, which acts on the fundamental weights of sw(6)i as follows, 

cJ c : Ao^Ao, Aj <-> A 6 _j (i = 1, 2, 3, 4, 5). (B.20) 
The o) c -twisted boundary states in the s«(6)i theory take the form 

|±> = -^(|A ;w c »±|A a ;w c )». (B.21) 

One can express these states in terms of the w-twisted Ishibashi states of sm(3)s in the same 
way as the D^* states considered in Section H3 First, from the branching rule (IB. 15 J) and the 
modular transformation matrix of su(3)s, the Ishibashi state for the vacuum representation 
of su(6)i can be decomposed as follows, 

|Ao» = -L( fll |(0,0)» + 031(2,2)))), (B.22) 

where a%, a 2 are the constants used in (|B.17J) . The cD c -twisted Ishibashi state |A ; Cj c )) is then 
obtained by the action of lj c , 

\A ;u c )) = R(u c )\A )) = -^(ai|(0,0);a; c ))-a 2 |(2,2);w c ))). (B.23) 

Here we use the fact that the Cj c acts on (2, 2) as —1, which can be shown, for example, by 
the calculation of (A |g2 Hc |+). In this way, we obtain two u; c -twisted states. The remaining 
two states are generated by the fusion of sm(3)s and we obtain four co> c -twisted states, whose 
boundary state coefficient matrix takes the form 



( ai —a 2 1 1 \ 

a i —Q-2 ~ 1 — 1 

\a 2 a,\ —i i ) 



^B.24) 



Here the columns are ordered as in (|B.19J) and the first (second) row corresponds to |+) 
(|-)). These states form the NIM-rep of ^(su(3) 5 ). 
The number of all the twisted boundary states is thus 

|V| = |V|+ |V Wc | = 12 + 4= 16. (B.25) 
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From the explicit form of the boundary state coefficients, one can calculate the corresponding 
overlap matrices n, which are 16-dimensional. The result is as follows, 
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The matrices not presented above are obtained by n^M) = x 3 y ^he ^ rs ^ ^ rows and 
columns of these matrices h are ordered as in the rows of ^ E (S) in (|B.17)) and the last four 
are ordered as in *$? E (8)* defined in (jB.24|) . O and O' (J and I') are respectively 3x3 and 
2x2 zero (unit) matrices while the other matrices are defined as 




1 

1 



A 





1 6 \ 




fh 


1 6 \ 


o 6 


1 6 


, B = 


1 6 


1 6 


1 6 


2 6 


1 6 


3 6 


u 


2 6 y 




V* 


3 6 y 



(B.27) 



where m§im = 0,1) is a row vector with all entries being m, tuq = (m,m,m,m,m,m). 
One can explicitly check that these non-negative integer valued matrices {n^v} satisfy the 
generalized fusion algebra JF(sm(3)s; G c ) in (|B.8J) . for example, 



n {0) 
2 hi, 



2 hm + 2 h 



(2), 



"(2,2) n (0 ) 

^(2,2) n ( i) = 2 n (0) + 3 n (1) + 2 n (2) , 

"(2,2) fl (2 ) = 2 fl(0) + 2 + fi( 2 ) , 

«(o) W( 2 ) = n( 2 ,o) + n(o, 2 ) + n( 3j0 ) + n( 0j3 ) + ^(3,2) + ^(2,3) + ™(i,i) + ™(3,i) + "(1,3) 



(B.28) 



+ 2(n (2 ,i) + n ( i )2 ) + n( 2 ,2)) 



etc. 



B.2.2 The case of Z D(S) 

We next consider twisted boundary states associated with the simple current invariant 



Z D(*) =|X(0,0)| 2 + |X(1,1)| 2 + |X(2,2)| 2 + |X(3,0)| 2 + |X(0,3)| 2 + |X(4,1)| 2 + |X(1,4)| 
+ (X(5,0)X(0,5) + X(3,1)X(1,3) + X(1,2)X(2,1) 

+ X(2,3)X(o^y + X(2,o)X(3^y + X(0A)X(lfi) + X(o,i)X&fi) + cx ) • 



(B.29) 



Since this invariant is the Z3-orbifold of sw(3)s, one can obtain the boundary states for ()B.29j) 
by averaging the Z 3 -orbit of boundary states for the charge-conjugation invariant. For the 
untwisted states, this procedure yields the following coefficient matrix, 



£>(8) 



2V2 
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? V2 
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i_ 

V2 



1 



1 



v/2 
— i 



z — 



s/2 
~V2 / 



Ti.30) 



where the columns are ordered as 

8 = {(0,0), (1, 1), (2, 2), (3, 0), (0, 3), (4, 1), (1, 4)}. 



(B.31) 



52 



Since all of three cu c -twisted states for the charge-conjugation invariant are the fixed point 
of the Z 3 action, we obtain 3x3 = 9 twisted states for ()B.29j) by an appropriate resolution 
of the fixed points. The resulting coefficient matrix takes the following form 



DCS)* 




T T T 

T e 2ni/3 T e -2iri/3 T 

T g-27ri/3 T e 2ni/3 T 



with T 




(B.32) 



where the columns are ordered as 

£(u c ) = {(0, 0), (1, 1), (2, 2), (5, 0), (3, 1), (1,2), (0, 5), (1, 3), (2, 1)}. (B.33) 
In this way, we obtain 



IVI 



|V| + |V" C | = 7 + 9 = 16 (B.34) 

boundary states associated with the modular invariant (jB.29|) . By calculating the overlap 
of these states, we obtain a set of 16 x 16 matrices 



n (o,o) 

"(1,0) 



! 16xl6, 



A D (s.) 


O 


O 





(B.35) 



where A D (%) and A D (g,)* are the adjacency matrix for the graphs of type and D^*, 
respectively, 



.4 



DCS) 



(0 


1 














o\ 








1 








1 














1 


1 











1 








1 





1 

















1 


1 


1 








1 
















1 


1 








V 



An(j. 



p 





ay 






1 




a 





O 


1, a= | 




1 




\o 


a 


0) 




Co 


1 





T3.36) 



53 



The remaining matrices for the untwisted representations take the following form, 
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where 
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For the twisted representations, we obtain 
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where 



/l 1 1 1 1 1 A /o 1 1 2 1 1 2\ /O 1 1 1 2\ 

5o = 0112112 , Bi =1122213 , B 2 = 0112112 . (B.41) 
\0 1 1 1 2 J lo 112112/ Vl 111111/ 

We can check that these matrices form a NIM-rep of the generalized fusion algebra JF(sm(3)s; G c ) 
given in (|B.8jl . 

In summary, we have checked that the twisted boundary states of su(3)^ realize a NIM- 
rep of the generalized fusion algebra .F(sw(3)5; G c ). In other words, we have constructed 
three NIM-reps of JF(sm(3)5; G c ). Besides the regular one, which has dimension 24, we have 
obtained a 12-dimensional one associated to the exceptional modular invariant Z E (s) and a 
16-dimensional one associated to the simple current invariant Z D (s). 



C Twisted boundary states for su(3)f 3 

In this appendix, we show that the ^-twisted boundary states associated with the modular 
invariant ()5.33|) of su(3)f 3 yield a NIM-rep of the generalized fusion algebra JF(sw(3)f 3 ; S3). 

C.l Generalized fusion algebra ^ r (sw(3)® 3 ; S3) 

For sw(3)i, there are three integrable representations corresponding to three fundamental 
weights Ao, Ai and A 2 . In the following, we denote them as (0) = (A ), (1) = (Ai) and 
(2) = (A 2 ). In this notation, the modular transformation matrix of su(3)\ can be written as 

S s <^ = ±=e*?™ (m,n = 0,1, 2). (C.l) 

Since this expression is invariant under the shift m — > m + 3 (and also n — > n + 3), we 
can consider that the representations of su(3)i are labeled by an integer modulo 3, namely, 
(m + 3) = (m). Actually, the fusion algebra of su(3)i is the group algebra of Z 3 , 

(m) x [n) = (m + n) . (C.2) 

In this notation, the action of the charge-conjugation is expressed as 

( m y = (_ m ) . (C.3) 

The representations of su(3)f 3 are then labeled by three integers (ni, n2,ns) and the set X 
of integrable representations reads 

J ={(m, 712,713)1^ = 0,1, 2}. (C.4) 

Hence there are 3 3 = 27 representations for su(3)f 3 . The modular transformation matrix S 
is simply the tensor product of three 5 ,sn< - 3 - )l , 

q _ qsu(3)i qsu(3)i qsu(3)i _ __J_ p ^{mini+rrvzn2+rnzn3) /p r\ 

^(mi,m2,m 3 )(ni,n2,n 3 ) "mim ^m 2 n2 ^^3713 ' V^' / 
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The fusion algebra of sw(3)f is the group algebra of Z 3 x Z 3 x Z 3 , 

(mi, m 2 , m 3 ) x (m, n 2 , n 3 ) = (mi + m, m 2 + n 2 , m 3 + n 3 ) ■ (C.6) 

The automorphism group S 3 is generated by two elements tt and a, which act on the 
elements of I as 

7r : (m,n 2 ,n 3 ) i-^ (n 3 ,ni,n 2 ) , 
cr : (m, n 2 , n 3 ) i-> (m, n 3 , n 2 ) . 

In terms of tt and a, the elements of S 3 can be expressed as follows, 

5* 3 = {1, 7T, 7T 2 , CT, 7TCT, 7T 2 Cr} . (C.8) 

The fixed point of tt e S3 is of the form (n, n, n), 

J(tt) = {(n, 71, n) |n = 0,1,2}. (C.9) 

Therefore we have three twining characters for tt, which can be expressed by those of su(3)\ 
as follows 

Xjn,n,n)(q) = Tr (w) 7^"* = (<f ) ■ (C.10) 

As is shown in eq. (12.45)1 . the 7r-twisted representations are obtained by the modular trans- 
formation of the twining characters x 71 '■> 

X^ (3)l (^)= E ^i 3)l Xr (3)l (? 3 )= E S ^ 3)l Xjn,n,n)(Q)- (dl) 
n=0,l,2 n=0,l,2 

Since the left-hand side is labeled by an integer m (mod 3), we denote by (m) n the 7r-twisted 
representation of sw(3)f 3 , 

2 ir = {(m) w |m = 0,1,2}. (C.12) 

From the above equation, the characters and the modular transformation matrix for (m)^ 
read 

X(m)M = X^ 3h (qh, Sl mMm) = S™^ . (C.13) 
For cr e S 3 , the fixed points and their twining characters have the form 

1(a) = {(m, n 2 , n 2 ) | ni, n 2 = 0, 1, 2} , (C.14) 

We can therefore label the cr-twisted representations by a pair of integers, 

Z a = {(mi, m 2 ) CT | mi, m 2 = 0, 1, 2} , (C.16) 
for which the characters and the modular transformation matrix read 

-v/ \ (n\ — v^P^W v™' 3 ' 1 ^^ <? CT — esu(3)i cs«(3)i 17\ 

\.{m\,m,2) a \H) Ami W Ara2 V± Si Lj (mi,m2) a (ni,n2,ri2) u mini u m2n2 ' K^-^'J 
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fmi +TO2 + 7773)^2 
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{hi h)a 
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\-mi,l 2 + m 2 + 7773)0- 


Sni+n 2 =ii+i2+m( rl l' n 2)7r 2 CT 


Erai+na 


= i 1+ i 2+m («i,n 2 ) w <T 


{h, h)ira 


(ll-f 


- mi + m,2, h + 7773)^0 


E ni +n 2 =Zi+i 2 +m( n l' n 2)er 




^ 1 +i 2 +m( n l' n 2) 7 r2 (T 






777i + m 3 , l 2 + m 2 )^2 cr 


Eni+n 2 =Zi+2 2 +m( ni ' n2 ) 7rCT 


Sni+n 2 


=; 1+ i 2 +m("l' n 2) CT 





(mi,m 2 ) c , 


(mi,m 2 ) 7rcr 


(mi,m 2 ) 7r 2 (T 




(Zl + 7771, / 2 + ^3 + "72) CT 


(il + l 2 + mi,l 3 + m 2 ) ncr 


(Z : + ? 3 + mi,Z 2 + "12)^0- 




Eni+n 2 =I+rai+m 2 ( n l> n 2)7rc7 


^2n 1 +n2=l+m 1 +m 2 fal' n V'!r 2 a- 


En 1 +n 2 =i+mi+m 2 V^' n 2)o" 




Eni+n 2 =l+mi+m 2 n 2)-ir 2 o' 




Eni+n 2 =2+mi+rn 2 ( n l> n 2)7r(X 


(ill fojff 


E„ 2 +„3=z 2 +m 2 ( z i +wi,n 2 ,n 3 ) 


(h +l 2 + mi+ m 2 ) 7r 2 


(ii + h + 777i + m^)^ 


(ill fejircr 


(ii + i 2 + mi + m 2 ) w 


E„ 1+ „ 2= z 1+mi (ni,n 2 ,h + ma) 


(h +h+ nil + m 2 )^i 


(^1) ^2)tt 2 ct 


(h + l 2 + mi + 7772)^2 


(Zl + i 2 + mi + 7772)^ 


Eni+n 3 =Ji+mi ( n l> Z 2 + ™2, TI3) 



Table 4: Multiplication table of the generalized fusion algebra J r (su(3)f 3 ; 6*3) . The subscripts 
stand for the automorphism type of twisted representations, k, m^ and rii take values in 
Z3 = {0, 1, 2}. Since air = n 2 a 7^ ncr, this algebra is non-commutative. 

The remaining cases are treated in the same way and we give only the results below, 

J^ 2 = {( m ) w 2\m = 0,1,2}, 
J 7 " 7 = {(mi, m 2 )na I mi, m 2 = 0, 1, 2} , 
J" a = {(m u m 2 )^a I mi, m 2 = 0, 1, 2} , 

The set X of all the representations eventually consists of 60 elements, 

\1\ = \1\ + \T\ + \T 2 \ + \l a \ + \T a \ + \T 2(T \ = 3 3 + 3x2 + 3 2 x3 = 60. (C.21) 

From the formula f)2.59|) . the conjugation acts on the twisted representations as follows, 

(mi, m 2 , m 3 )* = (-mi, -m 2 , -m 3 ) , 

[m)l = (-m) n2 , (C.22) 
(mi, m 2 )* = (-mi, -m 2 ) w (w G {a, ttct, vrV}) . 

Having obtained twisted representations and their modular transformation matrices, it 
is straightforward to calculate the generalized fusion coefficients of J r (su(3)f 3 ; S3) using the 



ott 2 _ osn(3)i /p 

(m) 2 (7i,Ti,n) u mn i l u °i 

C7T(T _ osm(3)i cs«(3)i /p 

<J (mi,m2)^-cr(ni,ni,n2) ^miru <J m2n 2 ' ^ ^ 

Oir 2 a _ osm(3)i OS«(3)i fr~i ofA 

(mi,m2) n 2 a .(ni,n2,ni) mmi tJ m2n2 ' ^V-'.z.uj 
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formula (|2.62j) . For example, the coefficient ■Af(i 1 ,i 2 ) tT (m)^ ni ' n2 ^ 2 ' T can be obtained as follows, 



OCT On C7T 2 CT 



■ /V ('l^2)<r(m) T — / j q 



OCT C7T C7T 2 CT 

(h,h)<r(P<P<P) (™)k(P,P,P) ("l»"2) 7r 2 tT (P,P,P) 

p=0 ,l,2 5'(0,0,0)(p,p,p) 

qs-u(3)i qsm(3)i qSu(3)i qsu(3)i rfS«(3)x 

(C.23) 

E^hp ^l 2 p ^ m P n iP "Jnap 
/ qS«(3)ix 3 
p=0,l,2 l°0p J 

3 ^ 

P=0,l,2 

= 5 (3) 

ix+i2+m, ni+rt2 ' 

where 5^ 3 ^ is the Kronecker delta for Z 3 . The other cases can be calculated in the same 
manner; we give the result in Table |U 

C.2 Non-trivial NIM-rep of J^(sw(3)® 3 ; S 3 ) 

For the chiral algebra sw(3)f 3 , the following block diagonal invariant is available, 



*E 6 = |X(0,0,0) + + X(2,2,2)| 

+ |X(0,2,1) + X(l,0,2) + X(2,l,0)| 2 + |X(0,1,2) + X(2,0,l) + X(l,2,0) I 



(C.24) 



which originates from the conformal embedding sm(3)® 3 C Ee,i (see Fig. EJ). 13 For -E^i, 
there are three integrable representations, (A ), (AO and (A 5 ), 14 and the charge-conjugation 
invariant reads 

^=IXAol 2 + IXA 1 | 2 + IXA 5 | 2 . (C25) 
From this together with the branching rule 

(A ) = (0, 0,0) 0(1,1, 1)0(2,2,2), 

(AO = (0,2, 1)©(1, 0,2) ©(2, 1,0), (C.26) 
(A 5 ) = (0,1, 2) ©(1,2, 0)0(2,0,1), 

one obtains the invariant (|C.24|) . 

There are three boundary states preserving Eg t i corresponding to three integrable repre- 
sentations, 15 

l A *> = E 5 &J^)» (< = 0, 1,5). (C.27) 
i=o,i,5 



13 This invariant is also considered to be a simple current extension by (1, 1, 1) € X. 
14 We distinguish the fundamental weights of £^,1 from those of sm(3)i by putting a tilde. 
15 For simplicity, we omit in this appendix the label for the anti-holomorphic representation of Ishibashi 
states and denote by |A;w)) instead of |(A, fx*);u>)). 
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1 2 
su(3) [2nd] 



su(3) [1st] 



4 5 
su(3) [3rd] 



Figure 3: Extended Dynkin diagram of Eq. 6 stands for the highest root of Eq. Each box 
expresses the simple roots of su(3) C Eq. 

S E& is the modular transformation matrix of E^\ 

V3\\ 



'6,1 
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2wi 


2tti 


3 3 


e s 




27ri 


e 3 


e 3 



where the rows and the columns are ordered as {(A ), (Ai), (A 5 )}. From the branching rule 
(|C.26j) . one can express the Ishibashi states of Eq^ in terms of those of su(3)f 3 , 

|A » = ^(|(0 I 0,0)» + |(1,1 I 1)» + |(2 I 2,2)») I 

|Ai» = ^=(|(0, 2, 1))) + |(1, 0, 2))) + |(2, 1, 0)))) , (C.29) 

|A 5 » = ^(1(0, 1,2))) + |(1, 2,0))) + |(2, 0,1)))). 

Substituting this into (jC.27|) . one obtains three boundary states preserving sw(3)® 3 . The 
remaining 6 (= 9 — 3) states can be constructed by the fusion with (1, 0, 0) G X. Since 
(1,0, 0) 3 = (3,0,0) = (0,0,0), we obtain three boundary states for each state preserving 
Eq 1 . We therefore label the resulting states as follows 



V = {(0,0) = (A ),(0,1),(0,2), 

(1, 0) = (AO, (1, 1), (1, 2), (2, 0) = (A 5 ), (2, 1), (2, 2)} . 

The boundary state coefficient takes the form 

<K K K \ /111 



(C.30) 



* = -= F \K e-*?K e^K | = 4= | 1 e"* ] ® K , (CM) 

where K is a 3 x 3 unitary matrix 

, /! 1 1 A 

(C.32) 




59 



• • 



• • 



• • 



• • 



Figure 4: The automorphism group S3 of sii(3)® 3 has a lift to E 6 . 



The row of \I/ is ordered as (|C30|) while the column is ordered as 

6 = {(0, 0, 0), (1, 1, 1), (2, 2, 2), (0, 2, 1), (1, 0, 2), (2, 1, 0), (0, 1, 2), (1, 2, 0), (2, 0, 1)} . (C.33) 
The overlap matrices n can be calculated using the formula (|4.13|) . and the result is 

where (a, a), (/3, 6) G V and P is a 3 x 3 permutation matrix 




These matrices {ft( mi 



(mi,rri2,m3) 



(C.35) 



(mi, m 2 , m 3 ) G X} satisfy the ordinary fusion algebra J r (su(3)f 3 ) 



(h,h,h) n (mi,m2,ni3) 



pl 2 +2l 3 +m 2 +2m 3 ^ pZi+« 2 +^+mi+m2+m3 _ ^, (n oc\ 

r W r — n {h+m 1 ,l2+m 2 ,h+m 3 ) j l^.OOJ 



which means that the untwisted boundary states (jC.31j) form a NIM-rep of JF(sm(3)® 3 ). 

We turn to the construction of twisted boundary states in the invariant (|C.24|) . The 
automorphism group S3 of su(3)f 3 has a lift to E 6>1 (see Fig. HJ). The automorphism group 
Aut(Ee) of Eq has a normal subgroup Auto(-E , 6) consisting of all the inner automorphisms. 
The quotient group Aut(P 6 )/Aut (-E , 6) has two elements: one is the identity and corresponds 
to Auto(p6) while the other comes from the outer automorphisms that contains the charge 
conjugation Cj c of E 6 , 

£ c : (A ) ^ (A ) , (Ai)^(A 5 ). (C.37) 

As is seen from the definition ()C.7|) of tt G S3 and the branching rule (jC.26|) . it does not 
change any representation of Eq. Hence the lift of tt to Eq is an inner automorphism of E$. 
On the other hand, a G S3 exchanges (Ai) with (A 5 ) and its lift is an outer automorphism 
of E e . 

Let tt be the lift of tt to E§. Since tt is inner, the corresponding twisted boundary states 
of Eq are expressed by the same boundary state coefficient as the untwisted ones, namely 
the modular transformation matrix (|C.28J) . Therefore, applying the fusion (1,0,0) G X to 
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the 7f-twisted states, we obtain exactly the same boundary state coefficient for the 7r-twisted 
states as the untwisted ones, 

W = V. (C.38) 
Accordingly the labels of the 7r-twisted boundary states has the same structure as V, 

V 71 = {(a,a) 7T \a = 0,1,2; a = 0,1,2}, £ (tt) = £ . (C.39) 

We can construct the 7r 2 -twisted states in the same way as the case of n and obtain the 
result 

^ 2 = #, V^ 2 = {(a,a)^ 2 \a = 0, 1,2; a = 0,1,2}, £(tt 2 ) = £ . (C.40) 

The lift a of a G S3 to E e is outer. Hence we have to start from a non-trivial boundary 
state coefficient in Eq instead of the modular transformation matrix. Since a fixes only (Ao) 
among the integrable representations of E e> i, there is only one a-twisted boundary state 16 

|(0)„) = |A ; a)) = -L(|(0, 0, 0); a)) + |(1, 1, 1); a)) + |(2, 2, 2); <r») . (C.41) 

Applying the fusion with (1, 0, 0) G I yields the remaining two states. The result is as 
follows, 

q?° = K, V CT = {(a) CT |a = 0,1,2}, £{a) = {(0, 0, 0), (1, 1, 1), (2, 2, 2)} , (C.42) 

where K is the matrix defined in (|C.32|) . The case of ira and 7T 2 a can be treated in the same 
way as o and yields the result 

W° = K, V™ = {{a)^\a = 0,1,2}, £(1x0) = £ (a) , (C.43) 

^ 2a = K, = {{a)^ a \a = 0,1,2}, £{u 2 a) = £(a) . (C.44) 

In this way, we obtain 36 boundary states in the block diagonal invariant (|C.24|) . 

|V| = |V| + IV"! + |V" 2 | + |V CT | + \V™\ + |V" 2a | = 9x3 + 3x3 = 36. (C.45) 

From the boundary state coefficients obtained above, we can calculate the overlap ma- 
trices h by the formula (|4.13jl . In expressing h, which is a 36 x 36 matrix, it is convenient 
to factorize V in the manner similar to (|C.34J) . 

V = {(0), (1), (2), (0)„ (1)., (2),, (0) n2 , (l) ff3j (2)^, (0) CT , (0)™, (0)^} ® {(a) | a = 0, 1, 2} , 

(C.46) 

16 One can regard the boundary state coefficient of |(0) CT ) as the modular transformation 'matrix' of the 
(2) 

twisted chiral algebra E§ ' at level 1 . 
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which is related to the original notation as, e.g., (a) w ® (a) = (a, a) n G V n , (0) CT £g> (a) 
(a)o- 6 V". In this basis, one can show that the matrices n take the following form, 



W(mi,m2,m3) 



n 



(m)^ 



n (mi,iri2)» 



n 



(mi,m 2 )_2 c 



/P m2+2m3 o o 0\ 

(9 pm 2 +2m 3 Q 

O O P m 2+ 2m 3 Q 



(O T O 0\ 

O O T O 

T O O O 

\0 O O 3P 2 J 

( O O O 
O O 
O O 



o 



® p r 
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H„2 



O 
O 

\EI 
(O 

o 
o 



El 

O 
O 

o 



El 

o 
o 
o 



Ef El 



Ei\ 

E 2 
E 3 
OJ 
E 3 \ 
E 1 
E 2 



P 



mi+m 2 



(O O T 0\ 

T O O O 

O T O O 

\0 O O 3PJ 

( O O 
O 



®P r ' 



^(mi ,7712)7. 
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\El 
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El 



E 2 \ 
E 3 
E l 
El OJ 



O 

o 
o 



p 



mi+m 2 



(C.47) 



jmi +m 2 



where P is a permutation matrix of (jC35|) while O and / are the zero and the unit matrices, 
respectively. The matrices T,Ei,E 2 and E 3 are defined as follows, 



T 




£1 




E, 




E, 




(C.48) 



We have checked that these 60 matrices {n^\N e X} satisfy the generalized fusion algebra 
F(su(3)f 3 ;S 3 ). For example, (0,0) a x (0)* = (0,0)^ + (1,2)^ + (2,1)^ is satisfied as 
follows 



™(o,o) CT ri(p)„ 



(O 

o 
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\Ef 

( o 

o 
o 



o 
o 
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El 



O EA 



O E 2 
O E 3 
El OJ 

o o 



(O T O 0\ 



O O T O 

T O O O 

\0 O O 3P 2 J 

3E 3 \ 



O 

o 



o 
o 



3E 1 
3E 2 



"(0,0)0,, + ^(1,2) , + n (2i i) 



\3E£ 3E{ 3E> O J 



(C.49) 



The matrices {n^v} therefore form a 36-dimensional NIM-rep of J r (su(3)f 3 ; S 3 ). Together 
with the regular NIM-rep, which is 60-dimensional, we have obtained two NIM-reps of 
J 7 (su(3)f 3 ; S3) corresponding to two modular invariants of su(3)f 3 . 



62 



References 

[1] J. L. Cardy, "Boundary conditions, fusion rules and the Verlinde formula", Nucl. Phys. 
B 324 (1989) 581. 

[2] R. E. Behrend, P. A. Pearce, V. B. Petkova and J. B. Zuber, "Boundary conditions in 
rational conformal field theories," Nucl. Phys. B 570 (2000) 525 [Nucl. Phys. B 579 
(2000) 707] [hep-th/9908036]. 

[3] G. Pradisi, A. Sagnotti and Y. S. Stanev, "Completeness Conditions for Boundary Op- 
erators in 2D Conformal Field Theory," Phys. Lett. B 381 (1996) 97 [hep-th/9603097]. 

[4] J. L. Cardy and D. C. Lewellen, "Bulk and boundary operators in conformal field 
theory," Phys. Lett. B 259 (1991) 274. 

[5] D. C. Lewellen, "Sewing constraints for conformal field theories on surfaces with bound- 
aries," Nucl. Phys. B 372 (1992) 654. 

[6] I. Runkel, "Boundary structure constants for the A-series Virasoro minimal models," 
Nucl. Phys. B 549 (1999) 563 [hep-th/9811178]; "Structure constants for the D-series 
Virasoro minimal models," Nucl. Phys. B 579 (2000) 561 [hep-th/9908046]. 

[7] T. Gannon, "Boundary conformal field theory and fusion ring representations," Nucl. 
Phys. B 627 (2002) 506 [hep-th/0106105]. 

[8] J. Fuchs and C. Schweigert, "Orbifold analysis of broken bulk symmetries," Phys. Lett. 
B 447 (1999) 266 [hep-th/9811211]; "Symmetry breaking boundaries. I: General the- 
ory," Nucl. Phys. B 558 (1999) 419 [hep-th/9902132]; "Symmetry breaking boundaries. 
II: More structures, examples," Nucl. Phys. B 568 (2000) 543 [hep-th/9908025]. 

[9] L. Birke, J. Fuchs and C. Schweigert, "Symmetry breaking boundary conditions and 
WZW orbifolds," Adv. Theor. Math. Phys. 3 (1999) 671 [hep-th/9905038]. 

[10] M. R. Gaberdiel and T. Gannon, "Boundary states for WZW models," 
Nucl. Phys. B 639 (2002) 471 [hep-th/0202067]. 

[11] A. Recknagel, "Permutation branes," JHEP 0304 (2003) 041 [hep-th/0208119]. 

[12] J. Fuchs and C. Schweigert, "Solitonic sectors, alpha-induction and symmetry breaking 
boundaries," Phys. Lett. B 490 (2000) 163 [hep-th/0006181]. 

[13] J. M. Maldacena, G. W. Moore and N. Seiberg, "Geometrical interpretation of D-branes 
in gauged WZW models," JHEP 0107 (2001) 046 [hep-th/0105038]. 

[14] T. Quella and V. Schomerus, "Symmetry breaking boundary states and defect lines," 
JHEP 0206 (2002) 028 [hep-th/0203161]. 

[15] H. Ishikawa, "Boundary states in coset conformal field theories," Nucl. Phys. B 629 
(2002) 209 [hep-th/0111230]. 



63 



[16] A. N. Schellekens and S. Yankielowicz, "Extended chiral algebras and modular invari- 
ant partition functions," Nucl. Phys. B 327 (1989) 673; "Simple currents, modular 
invariants and fixed points," Int. J. Mod. Phys. A 5 (1990) 2903. 

[17] J. Fuchs and C. Schweigert, "A classifying algebra for boundary conditions," Phys. Lett. 
B 414 (1997) 251 [hep-th/9708141]. 

[18] E. Bannai ant T. Ito, "Algebraic Combinatorics I: Association Schemes," Ben- 
jamin/Cummings (1984). 

[19] P. Di Francesco and J. B. Zuber, "SU(N) Lattice integrable models associated with 
graphs," Nucl. Phys. B 338 (1990) 602; "SU(N) Lattice integrable models and modular 
invariance," in Recent Developments in Conformal Field Theories (Trieste Conference 
1989, S. Randjbar-Daemi, E. Sezgin and J.-B. Zuber eds.); P. Di Francesco, "Integrable 
lattice models, graphs and modular invariant conformal field theories," Int. J. Mod. 
Phys. A7 (1992) 407. 

[20] V. B. Petkova and J. B. Zuber, "From CFT's to Graphs," Nucl. Phys. B 463 (1996) 
161 [hep-th/9510175]. 

[21] V. Schomerus, "Non-compact string backgrounds and non-rational CFT," 
hep-th/0509155. 

[22] E. Verlinde, "Fusion rules and modular transformations in 2-D conformal field theory," 
Nucl. Phys. B 300 (1988) 360. 

[23] N. Ishibashi, "The boundary and crosscap states in conformal field theories", Mod. 
Phys. Lett. A4 (1989) 251. 

[24] J. Fuchs, B. Schellekens and C. Schweigert, "From Dynkin diagram symmetries to fixed 
point structures," Commun. Math. Phys. 180 (1996) 39 [hep-th/9506135]. 

[25] H. Ishikawa and A. Yamaguchi, "Twisted boundary states in c = 1 coset conformal field 
theories," JHEP 0304 (2003) 026 [hep-th/0301040]. 

[26] I. Affleck, M. Oshikawa and H. Saleur, "Quantum Brownian motion on a triangular 
lattice and c = 2 boundary conformal field theory," Nucl. Phys. B 594 (2001) 535 
[cond-mat/0009084]. 

[27] H. Ishikawa and T. Tani, "Novel construction of boundary states in coset conformal 
field theories," Nucl. Phys. B 649 (2003) 205 [hep-th/0207177]. 

[28] J. Fuchs, C. Schweigert and J. Walcher, "Projections in string theory and boundary 
states for Gepner models," Nucl. Phys. B 588 (2000) 110 [hep-th/0003298]. 

[29] M. R. Gaberdiel and S. Schafer-Nameki, "D-branes in an asymmetric orbifold," Nucl. 
Phys. B 654 (2003) 177 [hep-th/0210137]. 



64 



[30] F. Xu, "New braided endomorphisms from conformal inclusions, " Commun. Math. 
Phys. 192 (1998) 349. 

[31] J. Bockenhauer and D. E. Evans, "Modular invariants, graphs and a-induction for 
nets of subfactors. I, II, III" Commun. Math. Phys. 197 (1998) 361 [hep-th/9801171]; 
ibid. 200 (1999) 57 [hep-th/9805023]; ibid. 205 (1999) 183 [hep-th/9812110]; 
J. Bockenhauer, D. E. Evans and Y. Kawahigashi, "Chiral structure of modular in- 
variants for subfactors," Commun. Math. Phys. 210 (2000) 733 [math. OA/9907149]. 

[32] V. G. Kac, "Infinite dimensional Lie algebras," Cambridge University Press (1990). 

[33] P. Di Francesco, P. Mathieu and D. Senechal, "Conformal Field Theory," Springer- 
Verlag New York, Inc. (1997). 



65 



